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Abstract

Of several possible forms of human-robot collaborative ma-
nipulation, we focus on the case where the human and the
robot jointlymanipulate a common load. In our formulation,
the robot’s role is to provide a constraint surface to guide
the motion of the load. The value of this form of interac-
tion, in terms of ergonomics, accuracy, or speed, depends
on how humans make use of such constraints. We are study-
ing natural single-arm manipulation of a load constrained to
move along a guide rail. In this paper we present results of
experiments showing that subjects apply significant forces
against the rail, depending on the configuration of the arm
and the orientation of the rail. These forces are unnecessary
for the manipulation task, and we hypothesize that humans
apply forces against the constraint to simplify the manipula-
tion task.

1 Introduction

To design robots for human-robot collaborative manipula-
tion, it is necessary to understand the human half of the
system to ensure the safety of the operator and the over-
all effectiveness of the system. The design and control of
human-interactive robots should take into consideration hu-
man motion preferences, ease and intuitiveness of the inter-
action, stress at joints, fatigue, etc. Our interest is in design-
ing and controlling assist robots to make manipulation of
heavy loads faster, more comfortable, and less likely to re-
sult in work-related musculoskeletal disorders (WMSD’s).

We are investigating the use of passive robotic guides to
assist a human in manipulating a load from one configura-
tion to another. A guide acts as a workless, frictionless rail
which confines the load to a one-dimensional curve in its
configuration space. A robot implementing a passive guide,
for example a cobot [15], does not amplify human muscle
power, but simply redirects the momentum of the load with-
out affecting the energy. The presence of the guide assists
by minimizing tedious fine positioning required of the hu-
man. In addition, the guide limits the object to one motion
freedom; all other freedoms are force freedoms. This allows

the operator to choose the most comfortable force combina-
tion in this space while the guide directs the load to the goal.
If certain muscles begin to fatigue, the operator may choose
different force combinations, or the shape of the guide con-
straint can be modified. Since the robot guide is passive, it
is as safe to interact with as a physical rail.

To design effective guides, we are studying how humans
naturally manipulate a load confined to a frictionless guide
rail. Such tasks are common in everyday life, including
opening a door or a sliding drawer, turning a crank, or ped-
aling a bicycle. We hypothesize that interaction forces with
constraints are stereotypical across subjects, and therefore
amenable to analysis and modeling. A model of “natural” or
“comfortable” interactions with a kinematic constraint may
allow us to design guides that are easy to use and interact
with, where ease may be defined by minimum metabolic
cost, maximum endurance time, etc.1

We begin our study of natural human interaction with a
guide rail with the case of manipulation with a single arm in
a horizontal plane. With the wrist immobilized, the arm can
be treated as a 2R manipulator (shoulder and elbow). We
have chosen this task because it is a multi-joint task, requir-
ing the coordination of different muscle groups, and because
it has been heavily studied for the case of unconstrained mo-
tion (full motion freedom) and isometric force application
(complete constraint, or full force freedom). There has been
very little work on the intermediate case (one motion and
one force freedom), which is the case of interest for assisted
manipulation. An exception is a recent study by Svininet
al. [13] on natural interaction with a crank, using methods
similar to those in this paper.

We have designed two sets of experiments. In both ex-
periments, the subject holds a handle attached to a smooth
linear rail. In the first set of experiments, the subject is asked
to hold the handle stationary while the handle is pulled with
different forces tangential to the rail. We are interested in
the forces applied by the subject normal to the rail, which

1A related possibility is to design guides such that natural interaction
will minimize the likelihood of WMSD’s.
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Figure 1: Kinematic model of the arm.

are not necessary for the task but may simplify the task for
the subject. These experiments can help us build a model
of natural static interaction with a constraint. In the second
set of experiments, the subject is asked to quickly move the
handle from one position to another, and we collect the tra-
jectory and interaction force profiles. These data will allow
us to build a dynamic model of interaction.

In this paper, we report the results of the first set of exper-
iments, and compare the experimental results to theoretical
predictions by different models of force generation.

2 Planar Arm System

All experiments were performed with the wrist held rigid
and the shoulder at 90 degrees of abduction, i.e., in the hor-
izontal plane of the shoulder. At these configurations, the
arm is equivalent to a 2R planar manipulator, as shown in
Figure 1. The joint torques � = (�1; �2)T are related to
forces f = (fx; fy)T at the hand by the relation

� = J(�)T f ; (1)

where the Jacobian J(�) is

J(�) =

�
�L1 sin(�1)� L2 sin(�1 + �2) �L2 sin(�1 + �2)
L1 cos(�1) + L2 cos(�1 + �2) L2 cos(�1 + �2)

�
:

In the arm, joint torques are caused by a complex set of
uniarticular muscles (crossing a single joint) and biarticu-
lar muscles crossing both the shoulder and the elbow [1, 16,
8, 5, 11, 9]. Each muscle is capable of exerting contractile
forces. The torque generated by each muscle is a function
of the muscle tension due to muscle activation and the joint-
angle-dependent moment arms based on the bone attach-
ment points. The maximum tension available from a mus-
cle is roughly a function of the physiological cross-sectional
area (PCSA) and muscle stretch (and, in non-isometric set-
tings, the rate of lengthening or shortening).
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Figure 2: Hand force for each muscle group.

To simplify the model, we follow van Bolhuis and Gie-
len [14] and Gomi [4] and combine the muscles into
six muscle groups: shoulder extensor and flexor, el-
bow extensor and flexor, and biarticular extensor and
flexor. We define the muscle tension vector � =
(�se; �sf ; �ee; �ef ; �be; �bf)

T 2 <6 to capture the tension
of each of these groups of muscles. All elements of the vec-
tor must be nonnegative, indicating that each muscle group
is only capable of pulling. This simplification into muscle
groups makes the assumption that all muscles in each group
are activated proportionally [14]. With this model, the joint
torques � are obtained from the muscle tensions � by

� = A(�)�;

where A(�) 2 <2�6 is a matrix of joint-angle-dependent
moment arms.

Figure 2 shows a model of the arm with these six muscle
groups (adapted from [4]). By Equation (1), torque �1 due
to shoulder monoarticular muscles cause hand forces along
the line of the forearm, torque �2 due to elbow monoartic-
ular muscles cause hand forces along the line through the
shoulder, and biarticular muscles with �1 = �2 generate
hand forces parallel to the upper arm.

In our experiments, the subject was asked to hold station-
ary a handle that is free to slide on a smooth, linear rail,
while the handle is pulled with a constant force along the
rail. The subject must apply an opposing force to keep the
handle stationary. While satisfying this one constraint, the
subject has the following two kinds of freedoms:

(i) Constraint force. The subject may apply any desired
force against the constraint without affecting the task.
If the configuration space is n-dimensional, this im-
plies n � 1 constraint force freedoms. In our system,
n = 2, and there is one force freedom.



(ii) Muscle load sharing. For a given total hand force f

(constraint force plus the resisting force), there is an
infinite set of muscle tension vectors � that will gener-
ate it.

Gomi [4] and van Bolhuis and Gielen [14] have studied
the muscle load sharing problem for isometric force genera-
tion in the planar arm system. Subjects were asked to apply
specified forces at a fixed handle. EMG data of muscle acti-
vations were collected for each of the six muscle groups to
determine how the load was distributed among the muscles.
The results were then compared with the predictions of sev-
eral different models for load sharing. These models are all
based on minimization of some notion of “effort.”

Our experiments differ in that the subject is only required
to apply a specified force in a single direction (along the di-
rection of motion freedom of the constraint). The subject
is free to choose any force in the orthogonal subspace, to
simplify the task. Our goal is to model how subjects choose
forces in this orthogonal space. We simply measure the ap-
plied force against the constraint; we do not take EMG data.

We will consider the following models for interaction
with the constraint. Each of these models is based on the
minimization of some quantity. Some of these models were
considered for isometric force generation in [4, 14]. The
first two models ignore the muscle load-sharing issue.

� HAND Hand force magnitude jjf jj is minimized.
According to this model, the subject applies only re-
sisting forces. The constraint force is zero.

� T2 Torque squared,
P

i �
2

i . For a robot arm with
identical motors at the shoulder and elbow, this solu-
tion minimizes the electrical power to the motors. A
geometric interpretation of this model is given in Fig-
ure 3.

� MT1 Muscle tension,
P

i �i; i 2 fse; sf; ee; ef;
be; bfg. This model for force generation was proposed
by Yeo [17].

� MT2 Muscle tension squared,
P

i
�2i . Nelson [10]

and Hogan [6] suggest that metabolic power consumed
by a muscle is proportional to the square of muscle
force.

� MT3 Muscle tension cubed,
P

i �
3

i .

� MS1 Muscle stress,
P

i �i=PCSAi, where PCSAi

is the physiological cross-sectional area of muscle i.
This is a measure of the activation of the muscle.

� MS2 Muscle stress squared,
P

i
(�i=PCSAi)2.

� MS3 Muscle stress cubed,
P

i(�i=PCSAi)3. There
is some evidence that muscle endurance time is in-
versely proportional to (�=PCSA)3 [12].

Figure 3: The iso-cost torque circles of model T2 in the
(�1; �2) space become iso-cost force ellipses in the hand
force space (fx; fy), as a function of the joint angles. The
solid arrows in the figure represent example hand forces
along the rail necessary to resist motion of the handle. The
dashed arrows indicate the optimal hand forces which pro-
vide the resisting forces. The normal forces are chosen to
place the force vectors on the smallest possible ellipses.

The linear models MT1 and MS1 tend to predict acti-
vation of only one of the muscle groups for a given task,
while higher-order models predict greater sharing of the load
across the muscle groups. Any model other than HAND in-
dicates that the subject chooses a strategy that would not be
possible without the guide.

The experimental results of the next section are compared
to the predictions of each of these models. To obtain the
prediction for model T2, let � f̂n represent the force applied
against the constraint, where f̂n is a unit vector normal to the
tangential force ft applied by the subject to resist motion.
Then � is obtained by solving

d

d�
(J(�)T (ft + �f̂n))

2 = 0:

To obtain the predictions of models MTk and MSk, k =
1; 2; 3, we solve for the tension vector � minimizing the ob-
jective function, subject to � � 0 (all muscles pulling) and

((J(�)T )�1A(�)�)T (ft=jjftjj) = jjftjj;

requiring that the tangential force be equal to f t. This prob-
lem is a linear programming problem for k = 1 and a non-
linear optimization for k = 2; 3. We solved all of these
optimizations using CFSQP [7], C code implementing se-
quential quadratic programming.

Following Gomi [4], Table 1 gives the physiological
cross-sectional area PCSA used for each of the muscles.
It also gives the elements of the matrix A of moment arms.



se sf ee ef be bf

PCSA (cm2) 38.71 19.36 7.75 10.3 3.87 3.23
A1i (cm) -3.52 4.37 0 0 -2.54 2.9
A2i (cm) 0.0 0.0 -2.03 2.75 -3.05 4.32

Table 1: Physiological parameters of the muscle groups used
in the arm model.

3 Experiments

3.1 Setup

Subjects were seated in a custom-made high-backed chair
with an adjustable seat, to raise or lower the height of the
shoulder plane based on the height of the subject. To fix
the shoulder location, subjects were restrained by a four-
point harness. The wrist was immobilized by an over-the-
counter wrist cuff, and the subject grasped a vertical handle
on a slider on a horizontal low-friction linear track (Thom-
son twin shaft 2BA linear ball guide #13). The handle can
spin freely about a vertical axis, and a support plate is at-
tached to the handle to support the forearm. This support
maintains the arm in a horizontal plane throughout the ex-
periments without fatiguing the shoulder.

A six-axis force sensor (ATI-AI Gamma 15-50) sits be-
tween the handle and the slider and was used to measure
forces against the rail. Cables attached to the slider pass
through a series of pulleys, allowing weights to be sus-
pended at either end of the rail to create a pulling force along
the rail (Figure 4). The rail is used as a linear potentiome-
ter, with a wiper at the slider to measure the position along
the rail. The actual and desired positions of the slider were
shown to the subject on a computer monitor. Force informa-
tion was not displayed.

3.2 Protocol

The subject was asked to hold the handle stationary, at a
location indicated on the monitor, as different weights were
hung from the cables. The weights included one light weight
pulling to the left on the rail, one heavy weight pulling to
the left, one light weight pulling to the right, and one heavy
weight pulling to the right. After hanging a weight and af-
ter the subject stabilized the position of the handle, forces
normal to the rail were recorded for two seconds. The se-
quence of four weights was repeated 10 times for each of
six configurations of the chair relative to the rail. These six
configurations allowed us to test three different positions of
the handle relative to the shoulder, and two different orienta-
tions of the rail at each position. The three positions were a
distance 45 cm from the shoulder, at 60, 90, and 120 degrees
from the line passing through both shoulders (see Figure 5).
The rail was oriented either along the line through the shoul-
der (denoted “parallel” ), or along a line perpendicular to the
line through the shoulder (denoted “perpendicular” ).

sliderweight

forearm
support

handle

pulleys

force sensor

rail

Figure 4: A drawing of the slider and rail setup, and a subject
during an experiment.

45 cm

60o

90o
120o

Figure 5: The three positions of the slider during the exper-
iments. The rail is oriented either through the shoulder joint
(parallel) or perpendicular.

The heavy and light weights varied for each subject, de-
pending on the maximum load they were comfortable sus-
pending during pre-recording trials. The heavy weight was
approximately 80% of the heaviest weight the subject felt
comfortable suspending at 120 degrees and perpendicular,
and the light weight was approximately 50% of the heavy
weight.



Sex Age L1 (cm) L2 (cm) Heavy (kg) Light (kg)
1 M 24 30.2 38.6 4.3 2.2
2 F 26 32.0 31.5 2.8 1.4
3 M 25 26.9 31.6 3.25 1.75
4 M 18 30.2 33.3 3.6 1.8
5 F 22 28.0 32.3 2.8 1.4

Table 2: The upper and forearm lengths of the five subjects
and the weights used in the experiments.

Subjects were told to suspend the weight as naturally and
comfortably as possible, and not to cocontract to stiffen the
position of the handle. Subjects were permitted to take a
break at any time to prevent fatigue. Fatigue was minimized
by the short durations of each experiment and by cycling
through lighter and heavier weights. The total time for each
subject was about 90 minutes. The protocol was approved
by the Northwestern University Institutional Review Board.

3.3 Results

We recruited five healthy right-handed subjects for our ex-
periments (Table 2). Figure 6 shows the forces at the hand
predicted by seven of the eight models for subject 1. For
each model there are six plots, corresponding to the three
different rail positions with two different rail orientations,
as in Figure 5. For each plot, there are four force vectors
shown, corresponding to the four different weights pulling
along the rail (two in one direction, two in the other). Each
force vector is the sum of the force to resist the pulling force
along the rail, plus any force normal to the rail. Not shown
is the HAND model, which predicts zero normal force (all
forces are along the dotted line of the rail).

For each model, the direction (angle) of the predicted
force is independent of the magnitude of the pulling force,
but dependent on the direction of the pulling force. T2 pre-
dicts significantly larger normal forces for the perpendicular
orientations than the parallel orientations. The linear model
MT1 predicts larger normal forces than MT2 and MT3 be-
cause a single muscle group tends to be utilized for the lin-
ear models, whereas the redundant actuation is used in MT2
and MT3 to decrease the magnitude of the normal forces.
The nonlinearity in the MTk models, not evident in the T2
model, comes from the asymmetry in the extensors and flex-
ors. In the MSk models, the large PCSA value for the
shoulder extensor and flexor predicts much larger forces at
these muscles than any other. This preference for the shoul-
der actuators results in large normal forces in both the par-
allel and perpendicular orientations. Predicted differences
between squared and cubed models were generally small.

The experimental results for the five subjects are shown
in Figure 7. Each force vector shows the average hand force
over the ten trials. At the head of each vector is a set of
error bars indicating the standard deviation of the normal

model Subj1 Subj2 Subj3 Subj4 Subj5
HAND 18.5 14.3 17.8 17.2 13.2

T2 13.9 16.6 28.1 20.6 23.4
MT1 20.3 30.0 31.6 23.9 27.1
MT2 16.5 11.4 19.2 13.6 7.9
MT3 14.8 13.2 20.0 15.1 7.9
MS1 29.9 32.4 40.6 34.4 34.4
MS2 28.2 29.4 38.5 32.0 32.2
MS3 26.3 26.9 36.4 29.8 30.0

Table 3: The average error between the angle of the total
force (tangential plus normal force) predicted by the models
and the actual angle of the force applied by the subject. The
average error is expressed in degrees.

force over the ten trials. As in the models, it appears that
the angle of the total hand force is essentially independent
of the pulling force magnitude. The apparent nonlinearity
in the force angle may be a result of asymmetry in the arm
structure.

One clear observation we can make is that subjects often
choose to apply forces against the constraint, even though
these forces are unnecessary for the task. Table 3 gives a
measure of how well each of the models predicted the ex-
perimental results. For a given model and subject, the ta-
ble entry is 1

n

Pn

i=1 j�
p
i � �ij, where �pi is the angle of the

total force (tangential plus normal force) predicted by the
model for trial i, �i is the actual angle of the force applied
by the subject in trial i, and i ranges over all n trials (all
experiments for each of the three rail positions and two rail
orientations). For each subject, the MT2 and MT3 models
provided a better fit than the MT1 model, perhaps indicat-
ing that the load sharing in the MT2 and MT3 models is
an important aspect of natural force generation. For four of
the five subjects, the HAND, MT2, and MT3 models pro-
vide a better fit to the data than the T2 model, perhaps in-
dicating that the actuator redundancy in these models (not
present in the robotic T2 model) is important in predicting
the interaction forces. The MSk models were poor predic-
tors of the interaction forces, though some evidence for the
MS2 model was found in both [4, 14] for isometric force
generation. We note, however, that the PCSA values for
the shoulder muscle groups used in [4] (which we adopted)
were much larger than those used in [14]. Smaller values for
the shoulder muscle groups would result in smaller shoulder
forces and smaller predicted normal forces.

The experimental results are insufficient to definitively se-
lect one model as preferable to all others. We are currently
following up these experiments with more detailed experi-
ments studying constraint forces with the rail angles sam-
pled at a finer resolution. These experiments are described
in Section 5.
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Figure 6: Predicted applied force vectors (resisting plus nor-
mal force) for subject 1 for different models. The left col-
umn is for the rail oriented through the shoulder (parallel),
and the right column is for perpendicular orientations. The
predictions for other subjects may look different due to dif-
ferent upper and forearm lengths.
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Figure 7: Experimental results for the five subjects. Each
individual plot shows the average subject force vector for
the four different pulling forces along the rail. The error
bars at the end of each vector show the standard deviation of
the normal force over the ten trials with each weight.

Overall, it appears that subjects apply more force against
the rail for the perpendicular orientations of the rail than the
parallel orientations. The required joint torques for the per-
pendicular orientations are also larger (see, e.g., Figure 3).

4 Discussion

Previous work in constrained arm motion includes Gomi’s
study of hand stiffness ellipses during point-to-point arm
motion [3]. Subjects were constrained to move on a line by a
planar manipulandum robot enforcing a high servo gain nor-
mal to the virtual rail. Perturbations were used to estimate
the stiffness at the hand during the motion. Gomi found



that stiffness in the direction normal to the constraint was
greatly reduced compared to the stiffness in that direction
during unconstrained motions. One possible explanation is
that subjects adapted to the virtual constraint by changing
joint stiffnesses to reduce interaction forces (comply) with
the environment. Our experiments show that in certain sit-
uations, subjects choose to maintain interaction forces with
the environment even though they have no effect on the task.

The load sharing models studied in this paper are based on
PCSA and moment arm data taken from [4]. The PCSA
values for the shoulder muscle groups used in [14] are dra-
matically smaller, which predicts less shoulder activation
in the MSk models, and as a result less constraint force.
The PCSA and moment arm data cannot be reliably mea-
sured for each subject individually, and in any case these
are approximations for the complex set of individual mus-
cles. Beer et al. [2] have empirically studied maximal torque
envelopes of elbow and shoulder flexion and extension at
different arm positions. Maximum torque envelopes are
anisotropic and not simply circles centered at the origin of
the (�1; �2) space. Such data could be used as the basis for a
different model of natural arm interaction with a rail.

Other models for interaction with a constraint could be
considered. For instance, it may be difficult to precisely co-
ordinate force direction, but less difficult to control force
magnitude. Kinematic constraints offer the user the oppor-
tunity to ramp up force magnitude, with little concern for
force direction, until the slider is stabilized. In this sense, it
would be interesting to study the time evolution of the hand
force as the slider is stabilized.

Although normal forces across ten trials are similar for
a single subject, there is some variation, as visible in the
standard deviation bars in Figure 7. This may be due to nat-
ural motor output variation, but further investigation is nec-
essary. Convergence of the normal forces, or “ learning” to
use the constraint, did not appear to occur during the trials.

Subjects were asked to minimize cocontraction of mus-
cles, and none of the models predict cocontraction. Signif-
icant cocontraction is wasteful metabolically but simplifies
the posture maintenance problem.

Friction in the system came from the bearings in the pul-
leys and from the slider-rail contact. We estimate friction
in the pulleys provide about 1.5 N of resistance to motion
along the rail, and the friction coefficient between the slider
and rail is about � = 0:05. This implies that up to 5% of the
normal force is available as tangential force to resist slider
motion. These frictional forces were considered insignifi-
cant in the analysis.

5 Conclusion and Future Work

Each of the eight models considered in this paper defines
iso-cost force contours in the hand frame for a particular arm
configuration. For the T2 model, the iso-cost contours are

HAND T2 

MT1

MT2

MT3

MS1

MS2

MS3

Figure 8: The iso-cost force contours for the eight differ-
ent models for a hand position at (0; 45cm) in the shoulder
frame, L1 = 30cm, L2 = 35cm, and the physiological pa-
rameters in Table 1. For a particular model, a point on the
iso-cost contour corresponds to a force vector with its origin
at the hand. The shapes of the contours are independent of
the cost; the contours simply scale as the cost is varied.

ellipses which can be found in closed form (Figure 3). The
iso-cost contours for the HAND model are simply circles
centered at the origin. The iso-cost contours for the other
models can be found numerically (Figure 8). The shapes of
the contours are independent of the cost; the contours simply
scale as the cost is varied. The linear models MT1 and MS1
result in polygonal iso-cost contours; the other models have
strictly convex iso-cost contours. Note the strong anisotropy
of the MSk iso-cost contours, due to the large PCSA of the
uniarticular shoulder muscles.

As the direction of the tangential force ft applied by the
human along the rail varies between 0� and 360�, holding
jftj constant, the different models predict different normal
forces. Figure 9 shows predicted normal forces for the mod-
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Figure 9: The normal force predicted by three different mod-
els, T2, MT1, and MT2. The magnitude of the tangential
force ft (along the rail) applied by the human is 20N, and
the direction of ft is varied between 0� and 360�. The posi-
tive direction of the normal force is defined as 90� clockwise
of the direction of the tangential force, indicated by the vec-
tor f̂n in the figure. The arm is identical to, and at the same
configuration as, the arm in Figure 8. The figure shows a
tangential force at 245�, and the three models predict differ-
ent normal forces.

els T2, MT1, and MT2 for the arm of Figure 8. Discontinu-
ities in the normal force plot for the model MT1 arise from
“fl ats” (sections of zero curvature) in the iso-cost contours
(Figure 8). Zero-crossings in the normal force plots occur
at radial local maxima and minima of the iso-cost contours.
The HAND model predicts zero normal force for all tangen-
tial force directions.

Our current work is to measure normal forces at a large
number of constraint angles to generate experimental nor-
mal force plots similar to those in Figure 9. Such plots will
allow us to identify features of the iso-cost contours, bet-
ter differentiate the predictive ability of the different mod-
els, and develop better models for static interaction with a
constraint. Our future work will study dynamic interactions
with kinematic constraints. Models of natural interaction

with a constraint will be used to design robotic virtual guides
for human-robot collaborative manipulation.
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