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Effect of smoothing by spectral dispersion on flow induced laser beam
deflection: The random phase modulation scheme
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Analytical results are presented for the effect of random phase modulated smoothing by spectral
dispersion on flow induced laser beam deflection. It is shown that in the limit of a large number of
color cycles,Ncc , the effect is identical to that of the induced spatial incoherence method of
temporal smoothing. For smallNcc , the beam deflection rate may be significantly larger in the
direction perpendicular to the dispersion, than in the parallel direction. ©1998 American Institute
of Physics.@S1070-664X~98!02503-8#
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I. INTRODUCTION

Accurate pointing of high power laser beams is requi
to achieve high gain implosions of capsules in inertial co
finement fusion.1 To the extent that laser ray trajectories a
calculated on the basis of macroscopic refractive effe
alone, this pointing may be in error, as has been observe
various experiments.2–5 This nonclassical beam deflectio
has been attributed6,7 to the combined effect of flow trans
verse to the laser beam and diffraction by microscopic d
sity fluctuations induced by laser speckles or ‘‘hot spots.

Previous closed form analytical results for beam defl
tion by flow have been obtained8,9 for a model which allows
only spatial incoherence as induced by a random ph
plate10 ~RPP!, and for a model of induced spatia
incoherence11 ~ISI! where there is also temporal smoothin
The key simplification of these models is the assumption
the laser intensity pattern is that obtained in a quiesc
plasma, which requires at the least that self-focusing be
norable, as discussed in Ref. 9.

In this paper the first analytic theory of beam deflecti
by flow is presented for the case of a laser beam whic
spatially smoothed by a RPP and temporally smoothed
the random phase modulation variety of smoothing by sp
tral dispersion12 ~SSD!. It is shown that in the limit of a large
number of color cycles,Ncc , the effect is identical to that o
the induced spatial incoherence method of temporal smo
ing. For smallNcc , and general flow direction, the bea
deflection rate may be significantly larger in the directi
perpendicular to the dispersion, than in the parallel direct
Since by symmetry considerations, one expects little a
muthal plasma flow in a hohlraum, this result implies that
dispersive direction for each beam be chosen in the ra
direction to minimize nonclassical beam deflection.

For either very small acoustic wave damping, or for
convenient choice of electric field temporal correlation fun
tion, the determination of beam deflection is reduced to
evaluation of a two dimensional integral over a finite dom
of fourier space. After introducing the SSD model, the inte
sity correlation function is determined in Sec. III. Using t
linearized hydrodynamic approximation, the basic expr
sion for beam deflection is presented in Sec. IV and in
7751070-664X/98/5(3)/775/7/$15.00
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large bandwidth limit specific scaling and numerical resu
are obtained in Sec. V.

II. THE SSD MODEL

A simplified model of SSD is obtained by assigning
phase,f(k,t), to each Fourier mode of the laser light ele
tric field, E ~in a particular planez5constant of the optic
focal region!, which is the sum of two parts: a static comp
nent owing to the RPP,f~k!, which for eachk5(kx ,ky), is
a statistically independent random variable, such that

^exp i @f~k!2f~k8!#&f5dkk8 , ~1!

where^ &f means ensemble average with respect to the R
phases; and an independent, time varying part owing to s
tral dispersion in the ‘‘x’’ direction, u(bkx2t),

E5ê Re$e~x,t !exp~2 iv0t !%, ~2!

e~x,t !5(
k

u ê~k!uexp i @k–x1f~k,t !#, ~3!

f~k,t !5f~k!1u~bkx2t !. ~4!

ê is a unit vector in thex2y plane,x5(x,y), andv0 is the
laser angular frequency. In the top hat model of intens
distribution across the RPP,u êu is a constant for uku
<k0 /(2F), and vanishes otherwise, wherek0 is the laser
wave number andF is the optic ‘‘F ’’ number. b5s f/k0 ,
wheres is the temporal ‘‘skew’’ of the diffraction grating
and f is the optic focal length.

The functional form of u is often chosen asu(t)
} sin(nt), i.e., frequency modulation~FM!, as in Ref. 12, but
in this paper it will be chosen to be random, in a sense m
precise below, to produce a random phase modulation13–16

~RPM! variant of SSD, which is amenable to analytic
analysis.

III. INTENSITY CORRELATIONS

The beam deflection rate may be written as6

dk̂0

dz
52

1

2nc

*dxU¹n

*dxU
, ~5!
© 1998 American Institute of Physics
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where the ponderomotive potentialU}ueu2, k̂0 is a unit vec-
tor in the laser beam direction, andnc is the critical plasma
density. In hydrodynamics linearized about a spatially u
form state,~see Sec. IV!, ¹n is proportional to the superpo
sition of U at earlier times and other spatial locations. Sin
the fluctuations ofe are spatially homogeneous, the spat
integrals may be replaced by ensemble average, denote
^ &, provided that the size of the domain is large compared
the correlation length of the fluctuations inueu2,

dk̂0

dz
52

1

2nc

^U¹n&

^U&
52

1

2nc

^dU¹dn&

^U&
, ~6!

where dU(x,t)5U(x,t)2^U& and dn(x,t)5n(x,t)2^n&.
The numerator may be expressed in terms of the two p
autocorrelation function ofueu2 which will now be evaluated.

It follows from Eqs.~1!, ~3!, and~4! that the fluctuations
of e are spatially homogeneous with

^e~x,t !e* ~0,t8!&f5(
k

u ê~k!u2 exp i @k–x1u~bkx2t !

2u~bkx2t8!#. ~7!

Let the fluctuations ofu, as determined by RPM, be temp
rally homogeneous with

^exp i @u~ t !2u~ t8!#&u5G~ t2t8!5G* ~ t82t !, ~8!

where^ &u means average with respect to the random proc
of the RPM. Now let̂ & denote the average over both phas
It follows from Eqs.~7! and ~8! that

^e~x,t !e* ~0,t8!&5G* ~ t2t8!(
k

u ê~k,t !u2 exp i ~k–x!

[B~x!G* ~ t2t8!. ~9!

Now evaluate the normalized ponderomotive autocorrela
function,

C~x2x8,t2t8!5^dU~x,t !dU~x8,t8!&/^U&2. ~10!

It follows from Eqs.~1!, ~3!, and~4! for arbitrary space time
points, 1, 2, 3, and 4, that

^e~1!e* ~2!e~3!e* ~4!&f5^e~1!e* ~2!&f^e~3!e* ~4!&f

1^e~1!e* ~4!&f^e~3!e* ~2!&f ,

~11!

in the limit when the number of Fourier modes withuku
<k0 /(2F) is large17 and therefore Eqs.~10! and ~11! imply
that

^dU~x,t !dU~0,t8!&f}u^e~x,t !e~0,t8!&fu2. ~12!

Equation~7! then implies

C~x,t2t8!}(
k

(
p

u ê~k!u2u ê~p!u2ei ~k2p!x

3^exp i @u~bkx2t !2u~bkx2t8!

2u~bpx2t !1u~bpx2t8!#&u . ~13!
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Since the fluctuations ofu are assumed homogeneous, t
^ &u factor only depends ont2t8, and therefore only upon
kx2px . Equation~13! may therefore be re-expressed as

C~x,t !5(
q

Ĉ0~q!eiq–xf ~qx ,t !, ~14!

with

Ĉ0~q!5 (
k2p5q

u ê~k!u2u ê~p!u2Y S (
k

u ê~k!u2D 2

, ~15!

and

f ~qx ,t !5^exp i @u~bqx2t !2u~2t !1u~0!

2u~bqx!#&u . ~16!

Note that the functionf has the value unity fort50, and
therefore Eqs.~9!, ~14!, and ~15! imply C(x,0)[C0(x)
5uB(x)u2/uB(0)u2, and in particular,C(0,0)51.

A remarkable property of the functionf is that it does
not decay to zero in the limit of large time separations, ev
if G does. This can be shown by noting that in this limit t
first two terms in the bracket of Eq.~16! are independent o
the second two so that

f ~qx ,t !→
t→`

^exp i @u~bqx2t !2u~2t !#&u

3^exp i @u~0!2u~bqx!#&u5uG~bqx!u2. ~17!

This is a manifestation of the non-Gaussian fluctuatio
of e, considered as a random variable whose fluct
tions arise both from the RPP and the RPM-SSD. Ife were
Gaussian with respect to averages over both phases,
it would follow that ^dU(x,t)dU(0)&;u^e(x,t)e(0)&u2

5uB(x)G(t)u2, which is incorrect, e.g., correlations are pr
dicted to decay to zero at a rate which is independent of
wave number of the fluctuation. Only the fluctuations ine
owing to the RPP phases, for given SSD phaseu, are Gauss-
ian.

For finite time separations,f may be related to integra
properties ofG if it is assumed that the random process,u,
defined bydu/dt[u, is stationary and Gaussian with^u&
50. Let ^u(t)u(t8)&5F(t2t8). The following well known
basic result,

K exp i E
2`

`

h~r !u~r !drL
5expF2

1

2 E
2`

` E
2`

`

h~r !F~r 2r 8!h~r 8!drdr8G , ~18!

allows for the evaluation of expectation values of the fo
given in Eq.~16!. As an example, if

F~ t !5g2 exp~2nutu!, ~19!

then
 license or copyright; see http://pop.aip.org/pop/copyright.jsp
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G~ t !5^exp i @u~ t !2u~0!#&

5expF2
g2

n2 ~nutu211e2nutu!G , ~20!

which follows from Eq.~18! with h(r )51 for 0,r ,t, and
0 otherwise. Ifg/n@1, thenG, which is a monotonic de-
creasing function ofutu, may decay to a small value whil
nutu!1, G(t)'exp(2g2t2/2). This is the regime where th
‘‘bandwidth’’ of the electric field amplitude,e, is large com-
pared to the bandwidth of the phase,u.

To evaluate Eq.~16! note that

u~bqx2t !2u~bqx!5E
bqx

bqx21

u~r !dr

[E
2`

`

h1~r !u~r !dr,

and

u~0!2u~2t !5E
2t

0

u~r !dr[E
2`

`

h2~r !u~r !dr.

Seth5h11h2 in Eq. ~18! to obtain

f ~qx ,t !5H~nbuqxu,nutu,g/n!, ~21!

with

2
1

2m2 log H~k,t,m!5utu211e2utu

2F1

2
e2uku~eutu1e2utu22!G

if utu<uku

2F utu2uku1
1

2
e2~ utu2ku!

1
1

2
e2uku~e2utu22!G if utu.uku.

~22!
It can be shown thatf is a monotonic decreasing function o
t andqx .

A. The large bandwidth limit

Some limits of this function are of particular interest. F
nutu!1 andt,buqxu

f ~qx ,t !'exp@2g2t2~12e2nbuqxu!#. ~23!

In order that f decay to a small value beforet,buqxu is
violated, it is necessary that

gbuqxu5
g

n
nbuqxu5

g

n
NccFuqxu/k0@1, ~24!

whereNcc[nbk0 /F is the number of ‘‘color cycles’’—the
number of independent SSD phases across the RPP be
from Eq.~4!, bk0 /F is the time it takes the SSD phase to
swept across the entire phase plate and 1/n is the phase cor-
relation time. Sinceqx5O(k0 /F), this inequality is essen
tially satisfied if
Downloaded 10 Mar 2009 to 129.105.69.71. Redistribution subject to AIP
use

Nccg/n@1. ~25!

In order thatf decay to a small value beforenutu!1 is vio-
lated, it is also required that

g/n@1. ~26!

If Eqs. ~25! and~26! are satisfied, this will be called the larg
bandwidth limit of RPM-SSD. Note that large bandwid
refers to large bandwidth of the electric field, not the pha
of the electric field, as Eq.~26! implies that the bandwidth o
the electric field is large compared to that of the phase. Si
the minimal implementation of SSD is usually envisioned
having at least one color cycle, Eq.~25! is redundant, given
Eq. ~26!.

B. The ISI limit

If in place of Eq.~25!, Ncc@1 is satisfied, then for mos
modes

nbuqxu@1, ~27!

f (qx ,t)'G2(t), andC(x,t) factors into a function of space
times a function of time, just as in the case of ISI for whi
the beam deflection analysis has been done.9 If in addition,
Eq. ~26! is satisfied thenG2(t)'exp(2g2t2).

IV. LINEARIZED HYDRODYNAMIC APPROXIMATION

In our previous study of beam deflection in the RP8

case, it was found that for small enough values of the av
age laser intensity, predictions of the local18 beam deflection
rate based on linearized hydrodynamics were in excel
agreement with those obtained from nonline
hydrodynamics.6 Near Mach number unity the difference
were the largest, and for strongly damped acoustic wa
with dimensionless Landau damping coefficient,n ia , of or-
der 0.1, even these differences were small provided
u^dn&u/n0,0.05, wheren0 is the background density an
u^dn&u is the magnitude of the ponderomotive density
sponse based on the average ponderomotive potential
quiescent~nonflowing! plasma. In practical unitsu^dn&u/n0

'0.90310213(l0 /mm!2~cm2^I &/W!~eV/Te), where Te is
the electron temperature,l0 is the laser wavelength and^I &
the average laser intensity.19 We provisionally assume tha
the domain of validity of the linear hydro response for t
time dependent intensity fluctuations characteristic of RP
SSD is at least as great as in the RPP case.

For convenience, we choose to represent the linear hy
response of the density fluctuation in the following form

dn~x,t !

n0
52

u^dn&u
n0

E L~x2x8,t2t8!

3
U~x8,t8!

^U&
dx8dt8, ~28!

L is simply represented in Fourier space,

L̂21~k,v!512S v2k–v0

csk
D 2

22in iaS v2k–v0

csk
D , ~29!

wherecs is the ion acoustic speed and the transform conv
tion is
 license or copyright; see http://pop.aip.org/pop/copyright.jsp
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ĉ~k,v!5E E c~x,t !exp2 i ~k–x2vt !dxdt.

v0 is the projection in the (x,y) plane of the spatially uni-
form background plasma flow in the frame of referen
where the laser electric field is given by Eqs.~2!–~4!.

Equations~6!, ~10!, and~28! imply20

dk̂0

dz
5

n0

2nc

u^dn&u
n0

E C~x,t !¹L~x,t !dxdt, ~30!

or in Fourier space,

dk̂0

dz
5

n0

2nc

u^dn&u
n0

E kĈ~k,v!i L̂ ~k,v!
dk

~2p!2

dv

~2p!
,

~31!

with Ĉ(k,v)5Ĉ0(k) f̂ (kx ,v), and in the limit where Fou-
rier sums are replaced by integrals it follows from Eqs.~14!
and ~15! that Ĉ vanishes fork5Fk/k0.1, otherwise

Ĉ0~k!

~2p!2 5
1

p@k0 /~2F !#2 S 12
2

p
sin21 k2

2

p
kA12k2D

[~F/k0!2ĉ~k!. ~32!

Note that ĉ is well approximated by a linear function,ĉ
'(0.94821.04k)4/p for 0<k<0.948/1.04'0.912, other-
wise zero.

V. BEAM DEFLECTION IN THE LARGE BANDWIDTH
LIMIT

In the large bandwidth limit, it follows from Eq.~23!
that

f̂ ~kx ,v!5
Ap

g~kx!
expF2

v2

4g2~kx!
G ,

~33!

g~kx!5gA12exp~2nbukxu!5gA12exp~2Nccukxu!.

Equations~29!, and~31!–~33! and a change of the variable
of integration fromk to k andv to V5v/g(kx) imply that

F

k0

dk̂0

dz
5D~M ,n ia ,g,Ncc!, ~34!

whereg[k0cs /(Fg), M5v0 /cs , and

D~M ,n ia ,g,Ncc!

5
n0

4pnc

u^dn&u
n0

E Ape2V2/4
i kĉ~k!

12u222in iau
dkdV,

~35!

with the argumentu in the integrand of Eq.~35! given by

u5
V

gk
A12exp~2Nccukxu!2

k

k
•M . ~36!

We will have occasion below to regardV as a function ofu,
as given implicitly by Eq.~36!. Recall thatĉ is defined in Eq.
~32!. The parameterg may be thought of as the ratio of th
electric field correlation time to the speckle width ion acou
tic transit time.
Downloaded 10 Mar 2009 to 129.105.69.71. Redistribution subject to AIP
-

It follows from Eqs. ~35! and ~36! that D~2M ,.!
52D(M ,.), Dx(Mx ,2M y ,.)5Dx(Mx ,M y ,.) and
Dy(Mx ,2M y ,.)52Dy(Mx ,M y ,.).

A. The small damping limit

The width of the hydro resonance in Eq.~35!, is du
5n ia , or dV5gkn ia /A12exp(2Nccukxu). If gn ia,1, dV is
larger than unity only for smallukxu, ukxu5Fukxu/k0

,(gn ia)2/Ncc . Since a minimal requirement for SSD is us
ally considered to beNcc>O(1), solong asthe small damp-
ing limit

~gn ia!2!1 ~37!

obtains, the hydrodynamic resonance is narrower than tha
the ponderomotive fluctuations@the exp(2V2/4) term# for
most modes. If furthermoren ia!1, the well known result

1

12u222i eu
——→

e→0

ip

2
@d~u21!2d~u11!#

allows for the simple evaluation of theV integration in Eq.
~35! to obtain

D~M ,0,g,Ncc!

5
n0

8nc

u^dn&u
n0

gE kkĉ~k!

A12exp~2Nccukxu!
@ f̂ #7d2k, ~38!

with

1

Ap
@ f̂ #75expF2

V2~u521!

4 G2expF2
V2~u511!

4 G .
~39!

Although they component of the integrand does not rema
finite asukxu→0 since

1

A12exp~2Nccukxu!
@ f̂ #7 ——→

Nccukxu→0

1

ANccukxu

it remains integrable.
Some particular examples are now considered ba

upon the numerical evaluation of Eq.~38!. In Fig. 1, thex

FIG. 1. Normalized deflection rate in thex direction for the case of smal
Landau damping, withg51 andM y50.
 license or copyright; see http://pop.aip.org/pop/copyright.jsp
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component of the normalized deflection ra
ncD(M ,0,g,Ncc)/u^dn&u is shown forg51 andM y50 as a
function of Mx and Ncc . The curve labeled ‘‘RPP’’ is the
rate for the case of beam smoothing by an RPP alone
presented21 in Ref. 8, and the curve labeled ISI is obtain
by replacing theA12exp(2Nccukxu) factors in Eqs.~33! and
~38! by unity, so that the intensity correlations factor into t
product of a function of space and a function of time,
discussed in Sec. III B. Similar ISI results have been p
sented in Ref. 9. Note that the RPM-SSD rate exceeds the
rate, which is approached from above for moderate value
Ncc . If Mx,1, the RPP deflection vanishes for zero acous
damping and for these Mach numbers the effect of temp
beam smoothing is to increase the deflection rate, as n
previously.9 The results shown in Fig. 2 are as in Fig.
except thatg52. In Fig. 3 contours of the magnitude of th
normalized deflection rate are shown as a function ofM for
g51 andNcc51. For this caseD is approximately paralle
to M . The anisotropy of this figure, with the deflection ra
peaking along they axis, the direction perpendicular to th
optic dispersive direction, thex axis, may be explained by
noting that the rate in thex direction involves anx deriva-
tive, as shown in Eq.~30!, which is dominated by more
rapidly decaying intensity fluctuations, as shown in Eq.~33!
for largeukxu, while the rate in they direction weights larger
ukyu fluctuations, butukxu may be small, and the associate

FIG. 2. Theg52 variant of Fig. 1.

FIG. 3. Contours of the magnitude of the normalized deflection rate
shown as a function ofM for g51 andNcc51 and small Landau damping
Downloaded 10 Mar 2009 to 129.105.69.71. Redistribution subject to AIP
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intensity fluctuations are more slowly varying, leading
larger deflection rates. For smallg simple scaling estimate
presented in the next paragraph show thatDx /Dy;g. For
larger values ofNcc , the ISI regime is approached and th
contours become nearly circular.

To determine the scaling ofD with g asg→0, schemati-
cally rewrite Eq.~38! as

D;gE k

A12exp~2Nccukxu!
@ f̂ #7d2k, ~40!

sincek ĉ(k) is order unity for most modes. The compone
of deflection in the ‘‘x’’ direction, Dx , may be estimated by

Dx;gE
0

g2/Ncc kx

A12exp~2Nccukxu!
dkx

1g3E
g2/Ncc

1 kx
2

@12exp~2Nccukxu!#3/2 dkx;g3, ~41!

where the estimate@ f̂ #75O(1) was used in the first inte
grand @ f̂ #7;g2kk•M /@12exp(2Nccukxu)# was used in the

re

FIG. 4. Normalizedx and y deflection rates in the case of small Landa
damping, withNcc51, with Dx evaluated forM y50 andMx51.0, andDy

evaluated forMx50 andM y51.0.

FIG. 5. Normalizedy deflection rate is shown as a function ofNcc , for g
50.2, Mx50 andM y51.0.
 license or copyright; see http://pop.aip.org/pop/copyright.jsp
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second. Equation~41! is dominated by largekx because of
the factors ofkx in the numerator. Similarly,

Dy;gE
0

g2/Ncc 1

A12exp~2Nccukxu!
dkx

1g3E
g2/Ncc

1 1

@12exp~2Nccukxu!#3/2 dkx;g2/Ncc

~42!

and the last relation follows because both integrals are c
trolled by smallkx . Deflection in the ‘‘x’’ direction appar-
ently cannot take advantage of the relatively large correla
times available at long wavelengths~smallkx!, while deflec-
tion in the ‘‘y’’ direction can, with the result that for shor
correlation times, deflection along the spectrally dispersed
x, ’’ direction vanishes more quickly than in the orthogon
direction.22 In other words, by orienting the dispersion alon
the direction of the flow, beam deflection is minimized.23

The smallg limit of Dx is different than that reported in
Ref. 9 because in that work the model of laser incohere

had f̂ (v)21 ——→
v→0

uvu, while here this limit goes likeuvu2.

FIG. 6. Normalizedx deflection rate forM y50, n ia50.05, andNcc51.

FIG. 7. Same as Fig. 6 but withNcc510.
Downloaded 10 Mar 2009 to 129.105.69.71. Redistribution subject to AIP
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A numerical study of theg→0 limit is shown in Fig. 4
for Ncc51, with Dx evaluated forM y50 andMx51.0, and
Dy evaluated forMx50 andM y51.0. Based upon the dat
points forg50.1 andg50.2, the following power law fits to
the data are obtained~to two significant figures!, Dx

50.044g3.0 andDy50.11g2.0, consistent with the above es
timates. Inspection of the figure shows that this fit is good
to g'0.5. These results imply that for a plasma flow n
nearly aligned along either thex or y axes, the beam deflec
tion will almost be perpendicular to the dispersive directi
for small values ofNcc . In Fig. 5Dy is shown as a function
of Ncc , for g50.2,Mx50 andM y51.0. The numerical data
is consistent with the predicted 1/Ncc behavior.

B. Finite Landau damping model

In order that the frequency integral allow for a simp
evaluation for finiten ia , as a model the phase decorrelati
function will now be chosen as exp(2gutu) instead of
exp(2g2t2), and then in place of Eq.~33! one has

f̂ ~kx ,v!5
2

g~kx!@11~v/g~kx!!2#
, ~43!

and in place of Eq.~35!,

D~M ,n ia ,g,Ncc!

5
n0

4pnc

u^dn&u
n0

E 2

11V2

i kĉ~k!

12u222in iau
dkdV. ~44!

The integral overV may be evaluated by residues whe
only the pole atV5 i is needed,

D~M ,n ia ,g,Ncc!5
n0

2nc

u^dn&u
n0

E i kĉ~k!

12u222in iau
dk,

~45!

where the term ‘‘u’’ is obtained from Eq.~36! by replacing
V by i .

In Fig. 6 the normalized deflection rate in thex direction
is shown forM y50, n i50.05, andNcc51, and in Fig. 7 it is
shown forNcc510. IncreasingNcc does not lead to a signifi
cant decrease inD unlessg is of order unity or less becaus
otherwise all phases are nearly static and the dynamic c
ponent of the SSD phases are nearly static phase shifts a
to an already random component induced by the RPP.

VI. RELATION TO OTHER WORK

It has been observed in simulations of FM-SSD that s
focusing as well as beam deflection by flow is reduced7,23

compared to the static RPP case. Further comparison
that work is not possible because the results of only one c
were published. It is not clear to what extent the RPM-S
and FM-SSD models considered here should have sim
beam deflection properties.

The fact that the approach to ISI like behavior for bea
deflection9 is seen with only a modest number of color cycl
is an important simplification since then the deflection
strictly parallel to the flow, and is a function of only thre
parameters,M , n ia andg, instead of a vector function of five
parameters.
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