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Nonlinear theory of power transfer between multiple crossed laser beams
in a flowing plasma

Harvey A. Rosea) and Sandip Ghosal
Los Alamos National Laboratory, Los Alamos, New Mexico 87545

~Received 29 September 1997; accepted 5 February 1998!

Analytic results are obtained for power transfer among crossing, equal frequency, laser beams, each
smoothed by a random phase plate, in a flowing homogeneous plasma. For beams with
well-separated directions, interbeam coupling transfers power, while intrabeam coupling causes
beam deflection. For any pair of such beams, the beam with the largest positive projection on the
flow direction will drain power from the other. ©1998 American Institute of Physics.
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I. INTRODUCTION

The transfer of power between crossed laser beams
been a consideration in the design of the large numbe
such beams that enter hohlraum targets in the National I
tion Facility ~NIF!: such a transfer would upset the accura
beam pointing that is required to achieve high gain imp
sions of capsules in inertial confinement fusion.1 When a pair
of beams differ in frequency so as to resonantly drive
sound wave induced by their beat ponderomotive force,
ficient transfer from the higher-frequency to the lowe
frequency beam has been predicted2 and observed.3 To avoid
such a coupling, it was thought that the various beams sh
have the same frequency.

In this paper it will be shown that the presence of plas
flow can induce a significant power transfer between mo
chromatic beams in the steady state. An analytic theor
presented for the case in which each beam is smoothed
random phase plate4 ~RPP!, and it is validated by simulation
in a regime where self-focusing is not negligible. This theo
is naturally thought of as representing transfer of power
tween pairs of beams, interbeam coupling, and the redi
bution of power within a beam, intrabeam coupling. T
latter is primarily responsible for beam deflection by flow5–8

when the beam directions are well separated.

II. MODEL EQUATIONS

A simplified model of the superposition of several RP
smoothed laser beams, each labeled by its centroid w
vector, q, is obtained by assigning a static phase,f~k!, to
each Fourier mode of the electric field,E ~in a particular
plane, z50, of the optic focal region!, which for eachk
5(kx ,ky), is a statistically independent random variab
such that

^exp i @f~k!2f~k8!#&5dkk8 , ~1!

E5ê Re e~x!exp~2 iv0t !, ~2!

a!Electronic mail: har@lanl.gov
1461070-664X/98/5(5)/1461/6/$15.00
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e~x!5(
k

ê~k!exp~ ik–x!5(
q

e~xuq!, ~3!

e~xuq!5 (
uk2qu,km

u ê~k!uexp i @k–x1f~k!#. ~4!

Hereq is the projection of each beam’s centroid wavevec
in the x-y plane, ê is a unit vector in thex-y plane, x
5(x,y), andv0 is the laser angular frequency. In the top h
model of intensity distribution across the RPP,u êu is a con-
stant in the diskuk2qu<km5k0 /(2F), and vanishes other
wise, wherek0 is the laser wave number andF is the optic
‘‘ F ’’ number.9

The sum overq is thought of having a modest number
terms. For example, a NIF hohlraum will have 24 bea
entering each side. For the purpose of applying this mode
a more realistic, finite beam geometry, it is assumed that
simplified model presented above is applicable locally in
region of the plasma if the spatial region in which a partic
lar subset of the 24 beams overlap is large compared
speckle width—a transverse correlation length of a sin
beam—aboutFl0 , wherel0 is the laser wavelength. Th
sum overk has a much larger number of terms, with ea
term corresponding to a particular RPP element.

In the paraxial wave approximation,10 with polarization
coherent light, and for time scales large compared to li
transit times,

i
]

]z
e52

1

2k0
De1

k0

2

n0

nc

dne~x,z,t !

n0
e,

D5]2/]x21]2/]y2, ~5!

nc is the critical density, andn0 is the background density
Isothermal, linearized hydro, with the normalized Gree
function, L, is used to determine the density fluctuation
the steady state,11

dn~x,z,t !

n0
52

u^dn&u
n0

E L~x2x8!
U~x8,z!

^U&
dx8, ~6!

whereu^dn&u is the magnitude of the ponderomotive dens
response based upon the average ponderomotive pote
^U&}^ueu2&, in a quiescent~nonflowing! plasma. In practical
1 © 1998 American Institute of Physics

 license or copyright; see http://pop.aip.org/pop/copyright.jsp



ed
er

th
r

p
e-

f
tio
e
w
is

-

er
it

n
or-
e

that
,

r,

e
ams

ered,
her,

ve
is

1462 Phys. Plasmas, Vol. 5, No. 5, May 1998 H. A. Rose and S. Ghosal
units, if the ion pressure is negligible,u^dn&u/n0'0.90
310213(l0 /mm)2(cm2^I &/W)(eV/Te) whereTe is the elec-
tron temperature,l0 is the laser wavelength, and̂I & the
average laser intensity. In Fourier space,

L̂21~k!512~ k̂–M !212in iak̂–M . ~7!

Here k̂ is a unit vector in the direction ofk, the dimension-
less Landau damping coefficient,n ia , can vary over a wide
range, from about 0.01 to 0.5, andM is the Mach vector
based on the plasma flow,v0 , and the ion acoustic speed,cs ,
M5v0 /cs . Since collisional absorption has been omitt
from Eq. ~5!, it is assumed that its effect is negligible ov
the range ofz of interest.

Note that Eq.~1! implies that the fluctuations ofe are
spatially homogeneous in any plane with fixedz, and this
property is maintained ase propagates according to Eqs.~5!
and ~6!.

III. GAUSSIAN ANSATZ

An equation describing the spatial development of
energy spectrum,̂u ê(k,z)u2&, is now obtained. As the lase
propagates into the plasma, the nonlinear coupling in Eq.~5!
will generate phase correlations. Perturbatively12 these cor-
relations grow at a spatial rate that is proportional to^U&2,
while the rate of change of the spectrum goes like^U&, as
shown below. Therefore, for small enougĥU& ~small
enough average laser intensity!, the spectrum may develo
significantly before the approximation of statistically ind
pendent phases is violated.

If the sum overk in Eq. ~3! involves a large number o
terms, then phase independence implies that the fluctua
of e are Gaussian. The ansatz is made that over the rang
z of interest, the particular property of Gaussian fields sho
below in Eq.~8! is satisfied. Limited numerical tests of th
equality will be presented with the simulation results.

Gaussian statistics and Eq.~1! imply that

^e~x1!e* ~x2!e~x3!e* ~x4!&

5^e~x1!e* ~x2!&^e~x3!e* ~x4!&

1^e~x1!e* ~x4!&^e~x3!e* ~x2!&, ~8!

where, e.g.,x1 , is any spatial location ‘‘1.’’ It follows from
Eqs.~5!, ~6!, and~8! that

i
]

]z
b~x,z!52

k0

2

n0

nc

u^dn&u
n0

E @L~x2x8!2L~2x8!#

3b~x2x8,z!b~x8,z!dx8, ~9!

whereb(x,z) is the normalized two-point electric field am
plitude correlation function,

b~x,z!5^e~x,z!e* ~0,z!&/^ueu2&, ~10!

or in Fourier space,b̂(k,z)5^u ê(k,z)u2&/^ueu2&, approximat-
ing Fourier sums by integrals,
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ln b̂~k,z!5k0

n0

nc

u^dn&u
n0

3E dp

~2p!2 b̂~k2p,z!G~ p̂–M !, ~11!

with

G~u!5
2n iau

~12u2!214n ia
2 u2 . ~12!

Since for zero spatial separation,b is normalized to unity,

E dp

~2p!2 b̂~p,z!51. ~13!

Equation~9! is consistent with the conservation of las
power, (d/dz)* ueu2 dx50, as can be seen by evaluating
for x50 to obtain an equation for (d/dz)^ueu2&, and noting
that the integrand vanishes.

A curious feature of Eq.~9! is that its derivation is inde-
pendent of the presence of the diffraction term in Eq.~5!.
The validity of Eq. ~9!, however, does depend on diffractio
because it is one of the players in determining the imp
tance of self-focusing, which, if significant, invalidates th
Gaussian ansatz.

IV. POWER TRANSFER AND BEAM DEFLECTION

Corresponding to the beam decomposition of Eq.~3!,
one has

b̂~k,z!5(
q

b̂~k,zuq!. ~14!

It is assumed that the beam directions are separated so
any given Fourier mode,k, belongs to, at most, one beam
say beam ‘‘q.’’ Substitute Eq.~14! into Eq. ~11!,

]

]z
b̂~k,zuq!5k0

n0

nc

u^dn&u
n0

(
q8

g~k,zuq8!b̂~k,zuq!,

~15!

with the dimensionless gain coefficient,g(k,zuq8), given by

g~k,zuq8!5E dp

~2p!2 b̂~k2p,zuq8!G~ p̂–M !. ~16!

The terms withqÞq8 represent interbeam power transfe
and the term withq5q8, redistributes power within beamq.

A. Power transfer

Consider a particular pair of beams,q andq8. The vec-
tor p in Eq. ~16! may be thought of as pointing from th
element of one beam to an element of the other. If the be
are separated enough so that the projection ofp on M does
not change sign as the various beam elements are consid
then the beam that points upstream with respect to the ot
i.e., the vector from its direction~the location of its centroid
in Fourier space! to the other beam’s direction has a positi
projection along the plasma flow, will lose power due to th
particular coupling.
 license or copyright; see http://pop.aip.org/pop/copyright.jsp
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To gain a qualitative measure of the power transfer ra
assume~as is the case for the top hat model atz50! that
b̂(k,zuq) is a constant on the right-hand side~RHS! of Eqs.
~15! and ~16!, e.g., for uk2qu,km , b̂(k,zuq)/(2p)2

5P(q,z)/(pkm
2 ), where, in general,P(q,z) is the fractional

power in each beam,

P~q,z!5E dk

~2p!2 b̂~k,zuq!, (
q

P~q,z!51. ~17!

Integrate Eq.~15! over k for uk2qu,km to obtain

d

dz
ln P~q,z!

5k0

n0

nc

u^dn&u
n0

(
p5q2q8Þ0

G~ p̂–M̂ ,M ,p/km ,n ia!

3P~q8,z!, ~18!

with

G~ p̂–M̂ ,M ,p/km ,n ia!

5
1

p2 E
uk2p/kmu,1

dkE
uk2k8u,1

dk8G~ k̂8–M !. ~19!

Since G(u)52G(2u), G~p̂–M̂ ,M ,p/km,n ia)52G~2p̂–M̂ ,
M ,p/km,n ia), so that power is conserved in the transfer b
tween any two beams.

1. Very well-separated beams

The assumption of separate beams implies thatp/km

.2 ~recall thatp is the wave vector separation between
pair of beams,q and q8, p5q2q8!. If p/km@1, then the
angle betweenk8 and M in Eq. ~19!, u, does not change
much as thek and k8 range over their domains of integra
tion, du'2km /p. If, in turn, the corresponding change inG
is small,dG/G!1, then

G~ p̂–M̂ ,M ,p/km ,n ia!'G~ p̂–M !. ~20!

Given thatdu!1, there are various regimes in which
is simple to estimate whendG/G!1. Let k̂8–M5M cosu,
so that d( k̂8–M )5p̂–Mdu tanu. For example, if (p̂–M )2

!1, then dG/G'du tanu, while if up̂–M u'1 and u1
2up̂–M uu.n ia , thendG/G'2du tanu/u12up̂–M uu.

If there is only a single finite intensity beam, then t
gain rate implied by Eqs.~18! and~20! for a fluctuation well
separated by wave vectorp from the beam center is given b
k0(u^dn&u/nc)G(p̂–M ), which is identical13 to that obtained
for the self-focusing instability of a coherent pump in a flo
ing plasma, in the limit where the wave number of the p
turbation is large compared to that of the marginally sta
mode in the absence of flow, i.e.,p2@k0

2u^dn&u/n0 .

2. A numerical example

In general, the integrals in Eq.~19! require numerical
evaluation. The following particular cases are now cons
Downloaded 10 Mar 2009 to 129.105.69.71. Redistribution subject to AIP
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ered:,p/km53 andn ia50.2, with eitherb[cos21(p̂–M̂ )50
or b5p/4. Figure 1 shows the dependence ofG on M , com-
pared with that ofG. In this regime of relatively strong
acoustic damping, the agreement is quite good in the s
sonic regime for both cases, and for all Mach numbers w
b50. Since the accuracy of this approximation improv
with increasingp/km there will also be excellent agreeme
for the casep/km54, which is considered later in Sec. V.

3. The regime of small acoustic damping

For very small values ofn ia , G(u) depends very sensi
tively on its argument whenu'1, and the approximation o
Eq. ~20! may be poor. In this section, with the aid of
simpler model than the top hat spectrum, an analytic resu
again obtained forG.

Since the four-dimensional integral in Eq.~19! is diffi-
cult to study numerically whenG has a very narrow reso
nance, an analytically simpler model is now considered.
stead of the top hat model for a single beam’s spectrum, t
it as a Gaussian, so that instead of Eq.~19!, one has, after a
change of variable of integration,

G~ p̂–M̂ ,M ,p/km ,n ia!5
1

4p2 E E dkdk8G~ k̂–M !

3expS 2
~k1k82p/km!21k82

2 D
5

1

4p E dkG~ k̂–M !

3expS 2
~k2p/km!2

4 D . ~21!

If the beams are well separated, then in the limitn ia→0,
only the resonance at, e.g.,k̂–M51, is encountered, and
G( k̂–M )→(p/2)d(x21), with x5M cosu, and u is the
angle betweenk andM . It follows that

FIG. 1. Variation of the normalized two-beam power transfer rate,G, with
Mach number,M , for the caseb[cos21(p̂–M̂ )50, i.e., the flow is parallel
to the beam separation direction, and the case ofb5p/4. The solid curve is
obtained from Eq.~19!, and the dashed curves are given byG, the simple
estimate of Eq.~20!. For b50 only G is shown sinceG is numerically
determined to be very well approximated byG for this case.
 license or copyright; see http://pop.aip.org/pop/copyright.jsp
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G~ p̂–M̂ ,M ,p/km ,n ia→0!

5
1

8AM221
expS 2

p2

4km
2 D

3E
0

`

dkk expS 2k~p/km!cos~b2u!2k2

4 D , ~22!

where cosu51/M .
The integrand and thereforeG is a maximum whenu

5b, i.e., when the vector joining the beam centers~in Fou-
rier space!, is on the Mach cone. If

~p/km!cos~b2u!@1, ~23!

then the integrand strongly peaks atk'(p/km)cos(b2u)
with the value (p/km)cos(b2u)exp@(p/2km)2 cos2(b2u)#, so
that by the method of steepest descent,

G~ p̂–M̂ ,M ,p/km ,n ia→0!

5
Ap

4AM221
~p/km!cos~b2u!

3expF2S p

2km
D 2

@12cos2~b2u!#G . ~24!

In fact, numerical evaluation of Eq.~22! shows that there is
agreement with Eq.~24! to within a few percent for
(p/km)cos(b2u) as small as 2.

For cos2(b2u)Þ1, G increases withp/km until it reaches
a maximum at (p/km)252/@12cos2(b2u)#. In order that
this maximum is consistent with the ordering of Eq.~23!,
e.g., (p/km)cos(b2u).2, it is necessary thatub2uu,0.6.
When u5b, G keeps increasing withp/km because more
modes are closer to being resonant. Otherwise,G eventually
decreases with increasingp/km because the beam centers a
off the Mach cone by a finite angle, and oncedu'2km /p
exceeds this angle, fewer and fewer modes are resona
the top hat spectrum were retained, instead of the Gaus
then there would be a sharp cutoff ofG at 2km /p'ub2uu.

B. Beam deflection for well-separated beams

Define the propagation direction of beamq by its wave
vector centroid,

^q~z!&[
*~dkxdky/~2p!2!kb̂~k,zuq!

*~dkxdky/~2p!2!b̂~k,zuq!
. ~25!

In general, its evolution depends upon coupling to all
other beams. If the beams are very well separated, then
terbeam couplings simply increase or decrease the pow
beamq, but not the distribution of power within that beam
so that there is no direct contribution tod^q(z)&/dz. Self-
coupling theq5q8 term in Eq.~15! redistributes that beam’
power, leading to a finite value ofd^q(z)&/dz. If just this
coupling is retained to obtain the self-induced rate of cha
of the beam direction, it can be shown that this is identica
that previously obtained for a single beam.7,14

If there are many well-separated beams, then po
transfer will dominate beam deflection because the forme
Downloaded 10 Mar 2009 to 129.105.69.71. Redistribution subject to AIP
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a cumulative effect, i.e., the most downstream pointing of
the beams receives power from all the other beams, w
beam deflection is determined by single beam intensities15

V. SIMULATION VERSUS THEORY FOR TWO
CROSSING BEAMS

The numerical solution, Eqs.~5! and ~6!, is compared
with the statistical theory given by Eq.~18!, for the follow-
ing particular two-beam case, whose parameters are ch
to qualitatively be in the regime for the crossing of a pair
beams of the inner and outer cone of beams entering one
of a NIF1 hohlraum:Te53 keV, n0 /nc50.1, n ia50.2, M
50.5, l050.35mm, F58 single beam optic, overlappe
average laser intensity5^I &54E15 W/cm2, p/km54 and16

p̂–M̂51. These parameters imply thatu^dn&u/n0'0.015,
while in Sec. IV A we imply thatG is a good approximation
to G, so thatG'0.33. Numerical parameters are the follow
ing: number of grid points in thex and y directions,nx

5ny5128, periodicity length in thex and y directions,Lx

5Ly'129l0 , and step size in thez direction,dz'7.5/k0 . A
standard split step method is used to advance Eq.~5!, with
the diffraction term evaluated in Fourier space.

Let P1 be the fractional power in the upstream bea
For these parameters, Eq.~18! implies that

dP1 /d~k0z!'4.8331024P1~12P1!. ~26!

The boundary condition consists of independent phases
the two RPP beams, with the power equally shared betw
them,17 so thatP1(z50)50.5. The solution of Eq.~26! is

4.8331024k0z5 ln@P1 /~12P1!#. ~27!

This result is compared with the simulation in Fig. 2. T
agreement must be good nearz50 since the boundary con
dition ensures that the fluctuations there are nearly Gauss
and non-Gaussian correlations develop over a finite dista
as evidenced by Fig. 3, where the flatness~dashed curve!,
S5^ueu4&/^ueu2&2 is shown~all factors ofe in this expression
are evaluated at a given spatial location! and the ensemble
average has been approximated by spatial average in thex-y
plane. If the Gaussian ansatz were valid, then Eq.~8! implies
that S52. The deviation ofS from this value atz50 is a

FIG. 2. Spatial development of power in the upstream member of a pa
RPP beams: the solid curve is the simulation; the dashed curve is the
tion to Eq.~26!.
 license or copyright; see http://pop.aip.org/pop/copyright.jsp
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measure of the corrections to Gaussian behavior owing to
finite system size, e.g., the number of RPP elements in e
beam is'200, while strictly Gaussian statistics are obtain
only in the limit of an infinite number of elements. The sol
curve shows the flatness from a simulation with twice
linear dimension. It is closer to Gaussian atz50, consistent
with there being a larger number of elements per be
'800, and it is a smoother curve, suggesting that the fi
scale bumps in the dashed curve are fluctuations and
representative of the ensemble average. There was on
few percent change inP1(z) between the two systems.

Note that only after a relatively short propagation d
tance, say atz51700/k0595mm, one beam has about twic
the power of the other, initially equal powered, beam.

The growth ofS as the beam develops in space may
interpreted as a self-focusing effect. Atz50, the figure of
merit18 for self-focusing,̂ Phs&/Pc'0.20, wherê Phs& is the
power in a single beam’s hot spot whose nominal intensit
the single beams’ average, andPc is the critical power for
explosive ponderomotive self-focusing. Since typical h
spots have a peak intensity of about three times
average,18,19 self-focusing is expected to be non-negligib
With regard to self-induced beam deflection, Fig. 15 of R
5 shows that self-focusing is expected to have a large effe20

in this regime. The measured deflection of the upstre
beam, over the range of thez axis simulated, is, in fact, abou
ten times the estimate provided by the theory based on n
self-focused beams that have a top hat spectrum.7

In Fig. 4, the simulated power transfer for the weak
casê I &52E15 W/cm2, is in much better agreement with th
theoretical result@obtained from Eq.~27! by the replacemen
4.83→2.42#. To an excellent approximation, the same sim
lation result is obtained by maintaining the intensity
4E15 W/cm2, while reducingn0 /nc to 0.05, so that̂Phs&/Pc

is the same for these two weaker cases. This is expected
apparently is the case, self-focusing events that are stro
limited by density depletion effects are not significant.21

In general, one does not expect good agreement betw
the simple theory and the model equations, Eqs.~5! and~6!,
when self-focusing is significant for any single beam. Ho
ever, for well-separated beams, diffraction effects are m
significant~and self-focusing effects less significant! for in-

FIG. 3. Dashed curve: the growth of flatness for the case of Fig. 2. S
curve: flatness for the system that has twice the linear dimension.
Downloaded 10 Mar 2009 to 129.105.69.71. Redistribution subject to AIP
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terbeam couplings because the wave numbers probed
such couplings,p, by assumption are much larger than tho
wave numbers probed by intrabeam coupling, which are
magnitudekm . Perhaps this is why in the above simulatio
the power transfer rate was more accurately predicted t
the beam deflection rate. Since these wave numbers ar
sociated with acoustic fluctuations, interbeam couplings h
associated acoustic frequencies that are also larger and h
less susceptible to temporal smoothing than intrabeam c
plings. It is therefore possible that a given amount of tem
ral bandwidth~either externally imposed or self-induced! is
at once both adequate to suppress self-focusing and i
equate to suppress interbeam power transfer.

VI. MITIGATING CIRCUMSTANCES

There are various mechanisms that may reduce the in
beam power transfer. These include polarization, freque
shifts between the beams, and plasma inhomogeneity.

A. Polarization

If each beam is polarization coherent, but for a giv
pair of beams,q andq8, the polarization vectorsêq and êq8
may be distinct, then it can be shown that Eqs.~15! and~16!
are replaced by

]

]z
b̂~k,zuq!5k0

n0

nc

u^dn&u
n0

(
q8

g~k,zuq8q!b̂~k,zuq!, ~28!

g~k,zuq8q!5~ êq–êq8!
2E dp

~2p!2 b̂~k2p,zuq8!G~ p̂–M !.

~29!

In particular, if the polarizations are orthogonal, then t
interbeam transfer rate vanishes. This could be achieved
the NIF context, if every beam in the inner cone cross
with, at most, one beam in the outer cone at some spa
location, and the polarizations were appropriately chosen

B. Frequency shifts

If each beams has a small frequency shiftvq with re-
spect tov0 ,

id
FIG. 4. The same as Fig. 2, but with half the laser intensity.
 license or copyright; see http://pop.aip.org/pop/copyright.jsp
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e~x!5(
q

e~xuq!exp~2 ivqt !, ~30!

then because the time-dependent hydro-Green’s functio
obtained from Eq.~7! by the replacementk̂–M→ k̂–M
2v/(kcs), it can be shown that the transfer rate is modifi
from that given in Eqs.~15! and ~16! to
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g~k,zuq8q!b̂~k,zuq!,

~31!

g~k,zuq8q!5E dp

~2p!2 b̂~k2p,zuq8!

3G@ p̂–M2~vq2vq8!/~pcs!#. ~32!

If a pair of beams is very well separated, then, as in Eq.~20!,

g~k,zuq8q!'G@ p̂–M2~vq2vq8!/~pcs!#p5q2q8 , ~33!

so that the combined effect of flow and frequency shift m
be interpreted in terms of an effective frequency shift and
flow, or flow and no frequency shift,for interbeam transfer
alonebetween a given pair of beams. Since self-focusing
affected by flow~e.g., spatial incoherence is increased due
the combination of self-focusing and flow—see Figs. 7~a!,
12, and 13 of Ref. 5, also, flow induces beam deflection!, in
general, the case of flow with no frequency shift is n
equivalent to some case with frequency shifts alone.

If the sign and magnitude of the frequency difference
chosen appropriately, the magnitude ofG, and hence transfe
rate, may be reduced. Since, however, plasma flow may
inhomogeneous, power transfer could be reduced in one
tial region, but not in another.

C. Plasma inhomogeneity

Since spatial Fourier transforms are only needed in
x-y plane, variation of the plasma flow in the laser propa
tion direction may be accounted for by consideringM in Eq.
~7! to be a given function ofz, and this change simply work
its way through the formalism. If the flow changes directi
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so as to change the sign of the power transfer betwee
given pair of beams, then this weakens the magnitude of
overall transfer. However, at least for the example cons
ered in Sec. V, in which significant transfer occurs ove
distance of about 100mm, the flow would need to vary by
order unity over this relatively short distance to have mu
of an effect on the transfer.
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