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Wrinkling Analysis in Shrink
Flanging
Flanging is a commonly used sheet forming operation to increase the stiffness of a
panel and/or to create the mating surface for subsequent assemblies. This paper pr
an energy approach to predict the onset of wrinkling during a shrink flanging operat
A curved sheet model is established to obtain the critical buckling stress in terms of
state, geometry properties and material properties. The predictions of wave number
well with the experimental results. The results indicate that the sensitivity of wave nu
on the plan view radius (PVR) increases as PVR decreases, and the wave numb
creases with the increase of flange length. The critical flange length is significantly i
enced by PVR, sheet thickness and material work-hardening, and is not sensit
material strength and anisotropy.@DOI: 10.1115/1.1381397#
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1 Introduction

In the manufacturing of automotive panels such as hoods, d
lids, fenders and quarter panels, a flange operation~Fig. 1! is
commonly used to fold the edge of a sheet metal part to incre
the stiffness of the panel and/or to create the mating surface
subsequent assemblies. Flanging is performed after the dra
for almost all sheet metal parts. In general, flanging has th
different plan view curvatures, i.e., straight, concave and conv
as illustrated in Figs. 1 and 2. Wrinkling, tearing and surfa
distortion are major defects which may occur in those operatio
In the case of concave flanging, the outer edge is stretched lea
to possible fracture failure. In convex flanging, wrinkling can
problematic in the flanging area as the outer edge is compre
when the punch moves down to deform the material. Th
wrinkles can significantly reduce the assembly accuracy. Furt
more, wrinkles are sometimes pressed~or ironed! out when the
clearance between the punch and the die is small. This com
cates the deformation history and generates an uneven stres
tribution in the sheet, which makes the accurate prediction
springback~or distortion! extremely difficult. Therefore, an accu
rate prediction of the wrinkling in shrink flanging is crucial i
assisting design of tooling and forming processes.

Past study on shrink flange wrinkling includes the work
Wang et al.@1# who studied axisymmetric shrink flanging. The
applied bifurcation analysis of a double curvature sheet develo
by Hutchinson and Neale@2#, and Neale and Tugˇcu @3#, where the
Donnell-Mushtari-Vlasov ~DMV ! shell approximations were
adopted. In their approach, wrinkling was assumed to occur o
along one principal axis, i.e., the hoop direction in the free edg
the flanging area. The methodology they used, plastic bifurca
analysis, is one of the most widely used analytical approache
predict the onset of wrinkling and used by many authors, e.g.,
and Li @4#. A recent review on using this methodology to pred
wrinkling can be found in Tvergaard@5#.

Other than bifurcation analysis, Zhang et al.@6# used a modi-
fied adaptive dynamic relaxation approach to investigate pla
wrinkling in the conical cup with an axisymmetric model. Th
method allows a complete analysis including pre-failure deform
tion, prediction of wrinkling and post-wrinkling deformation
Nevertheless, it is difficult to apply this theoretical analysis in 3
sheet metal forming with complex geometry and boundary con
tions. In addition, both elastic and plastic wrinkling of an annu
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plate under uniform tension on its inner edge were studied by
combination of the Kantorovich method and the Galerkin meth
in Yu and Zhang@7#, Zhang and Yu@8#.

The energy method has been another widely used analy
approach to investigate wrinkling problems@9–17#. Theoretically,
the energy method cannot guarantee a necessary and suffi
solution if the deformation system is nonconservative, which
just the case of plastic wrinkling~Yu and Zhang@18#!. However,
this method has its merit as relatively easy to be implemente
various geometry and deformation patterns. Therefore,
method is applicable especially when experimental verification
available. Recently, Wang and Cao@15–17# proposed a wrinkling
criterion for side-wall wrinkling in sheet metal forming conside
ing the boundary restrictions of the examined area. This appro
was applied to the cases of straight side-wall@15#, curved wall
with an infinite curvature in another direction@16#, and sheet with
double curvature, i.e., tube bending problem@17#. The predictions
agree very well with experimental results in all the cases exa
ined.

In the present paper, the energy method will be applied to
amine the wrinkling in shrink flanging~Section 2!, which provides
a stress-based criterion for the onset of wrinkling. Based on
energy equalities calculated for a curved sheet, the critical bu
ling stress is obtained as a function of material properties
geometrical dimensions in shrink flanging~Section 3!. Finally, the
buckling modes predicted from our analytical model are compa
with our experimental results in aluminum shrink flanging te
~Section 4!. Discussions on the effect of material properties a

e

Fig. 1 Schematic of a flanging operation
2001 by ASME Transactions of the ASME



Fig. 2 Types of flanging processes
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geometry on the wrinkling are also given in Section 4. The res
obtained from this work are being utilized to predict springba
distortion in shrink flanging and will be reported later.

2 Wrinkling Criterion
This section focuses on the investigation of the onset of sh

wrinkling in the shrink flanging process. The prebuckling state
the region examined for wrinkling is assumed to be a membr
and the shear strains and stresses are ignored in the analysi
the formulations are developed within the context of thin plate a
shell theory. The thickness of the sheet and the stress s
through the thickness are assumed to be uniform before buck
The strains are expected to be small in the flanging area.
characteristic wavelength is large compared to sheet thickness
yet small compared to the radii of the sheet curvature so that
strain measures given by the Donnell-Mushtari-Vlasov~DMV !
approximations can be adopted. Also, the deformation theor
plasticity is employed in the analysis by assuming proportio
loading before buckling.

In the energy approach employed by Wang and Cao@15#, a
wrinkling deflection form in the normal direction is assumed, a
the critical buckling condition can be obtained by equating
incremental internal energy of the buckled plate,DU, and the
work increment produced by the in-plane membrane forces,DT.
If the incremental internal energy for every possible assumed
flection is larger than the incremental work done by the membr
forces, the sheet is considered to be under a stable equilib
condition. Hence, the stability condition can be defined as

DT<DU (1)

To obtain the internal energy for every possible assumed
flection, the formula for a general double curvature sheet w
derived in Wang and Cao@16#. Choose the surface coordinatesx1
andx2 to coincide with the principal curvatures of the shell wi
x3 denoting the normal to the undeformed middle surface. At
instant of buckling, the in-plane components of Lagrangian str
tensor«ab at a distancex3 from the middle surface of the curve
sheet can be approximated by

«ab5Eab1x3kab (2)

where the Greek indices range from 1 to 2,Eab andkab represent
the stretching and bending strains defined as
Journal of Manufacturing Science and Engineering
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Eab5
1

2
~ua,b1ub,a!1babw

(3)
kab52w,ab

where a comma denotes covariant derivative with respect to
face coordinates (x1 ,x2), ua are the displacements in the in-plan
direction (x1 ,x2) and w is the buckling deflection normal to th
middle surface of the sheet,bab is the curvature tensor of the
middle surface in the prebuckling state. A 3-D constitutive law
the form of ṡab5L̄abkg«̇kg is adopted, where the tangentia
moduli under plane stress conditionL̄abkg are defined in the Ap-
pendix.

Under the assumption of DMV thin plate and shell theory,
assuming the virtual displacementsua50 and using the deforma
tion theory, the incremental internal energy of the sheet can
derived as

DU5
t3

24
E

S
L̄abkgẇ,kgẇ,abdS1

t

2ES
L̄abkgbabbkgẇ2dS (4)

whereS is the area of the sheet middle surface over which
wrinkles occur.

The incremental external work done by the membrane for
Naa , acting on the middle plane is represented by

DT5
1

2ES
~N11ẇ,1

2 1N22ẇ,2
2 !dS (5)

For a thin sheet, the boundary condition or continuity conditi
along the edges of the region being examined for wrinkli
strongly affects the critical buckling condition, as the admissi
deflection mode can be different@16#. By appropriately choosing
the deflection form to reflect the boundary restriction in formi
operation and equating the energyDU5DT, the critical condi-
tions can be calculated as a function of the in-plane stress, m
rial properties, and the geometrical parameters.

3 Buckling Condition in Shrink Flanging

Stress and Strain States in Shrink Flanging. In a shrink
flanging operation as shown in Figs. 2 and 3, a compressive s
in the hoop direction develops in the flange area as the materi
Fig. 3 Top view of an undeformed blank in a shrink flanging process
AUGUST 2001, Vol. 123 Õ 427
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the original radiusR0 is folded to a smaller radiusRf . The cir-
cumferential strain«u in the outer flange edge can be calculated

«u5 lnS Rf1 f lsinb

R0
D (6)

wheref l is the nominal flange length~Fig. 3! andb is the folding
angle~Fig. 4!. The flange section is treated as a plane stress p
lem, i.e.,sz50. For simplicity, the thickness variation during th
flange section is ignored. Also, considering the fact that the bl
is wide enough, the hoop strain is assumed to be uniform
neglecting the boundary effects. The material’s hardening be
ior is modeled with the Voce’s laws̄5A2Bexp(2c«̄), which
describes aluminum alloy materials very well. Hill’s 1948 yie
criterion is employed to describe the normal anisotropic beha
of the material. The anisotropy parameterR is defined as the ratio
of plastic strain in the width direction to the through-thickne
plastic strain in a uniaxial tensile test. Correspondingly, the
plied hoop stress at the outer edge during flanging, wheres r
50, can be derived as

sapplied5A2BexpS 2cA2~11R!

112R U lnS Rf1 f lsin b

R0
DU D (7)

This stress,sapplied, corresponds to the maximum compressi
hoop stress in the flange sheet and will be compared with
critical buckling stress,scr , as calculated below. Wrinkling is
assumed to occur whensapplied is greater thanscr .

Critical Buckling Stress. This problem can be simplified to
be the buckling of a curved flange sheet under a plane st
s

428 Õ Vol. 123, AUGUST 2001
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condition~shown in Fig. 4!. The sheet is compressed by the for
uniformly distributed along the hoop directionu50 andu5u0 .
Considering the possible failure modes, the boundary conditi
of the curved sheet model are assumed to be simply supporte
the sidesu50, andu0 , andr 5Rf , under which the experiment
were performed, and the outside edgeRu5Rf1 f lsin b is as-
sumed to be free. Therefore, the deflection surface of the buc
plate can be represented by the double sine wave as

w5w0sinS mpu

u0
D sinS np~r 2Rf !

f lsinb
D (8)

wherew0 is the amplitude of the deflection,m is the wave number
in the compressive hoop direction, andn is the wave number in
the radial direction.

From Eq.~4!, wherebrr 50 andbuu51/r , the strain energy of
the sheet is obtained as

Fig. 4 Schematic of a curve sheet model
DU5
t3

24
E

0

aE
Rf

Ru5 L̄1111S ]2ẇ

]r 2 D 2

1L̄2222S 1
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]ẇ
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r
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For such a curved sheet undergoing the uniform field of a co
pressive stress,su , in the hoop direction and a zero tensile stre
s r , in the radial direction, the stress resultants are expresse
N1152ts r50, N2252tsu50, and the work done by the mem
brane forces acting in the middle plane is given by

DT52
t

2E0

u0E
Rf

Ru

suS 1

r

]ẇ

]u
D rdrdu (10)

By equating the energies calculated from Eqs.~9! and ~10!,
DU5DT, the critical value of the compressive stress become

scomp52su5
t2

12

I u

I u

(11)

where

I u5S m

u0
D 2E

Rf

Ru1

r
sin a dr (12a)

I u5E
Rf

Ru

~ L̄1111A11L̄2222A212L̄1122A314L̄1212A4!r dr

(12b)

with
m-
s,

d as
-

s

A15p2S n

f l
D 4

sin a (13a)

A25
1

r S n

f l
D cosa2

p

r 2 S m

u0
D 2

sin a (13b)

A352S n

f l
D 2

sin aS 1

r S n

f l
D cosa2

p

r 2 S m

u0
D 2

sin a D (13c)

A45
p

r

n

f l

m

u0

cosa2
1

r 2

m

u0

sin a (13d)

wherea5np(r 2Rf)/( f lsin b).
The critical buckling stress,scr , is the smallest value among a

the scomp obtained from Eq.~11! whenm andn vary. It is found
numerically that the minimum stress exists whenn equals to 1/2.
Therefore, the wave numbermcr corresponding toscr under n
51/2 is the critical wave number defined in this paper. It can
seen thatL̄abkg are functions of the stress components~see Ap-
pendix!, which indicates that Eq.~11! is an implicit function of
the critical buckling stress, therefore numerical iteration is nee
to obtainscr .

Assessment of Wrinkling. The onset of wrinkling in shrink
flanging can be easily assessed after calculating the applied
stress in the flange sheet,sapplied, from Eq. ~7! and the critical
Transactions of the ASME
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buckling stress,scr , from Eq. ~11!. If sapplied exceedsscr , wrin-

kling occurs. Assuming thatL̄abkg monotonically increase with
the hoop stress, the predictions ofscr and the corresponding
wavelength can be simplified as follows and illustrated in Fig.

Step 1: The stresssapplied in Eq. ~7! is taken as an initial input
s input to calculate the instantaneous moduli in Eq.~A4!.

Step 2: The corresponding critical buckling stress,scal , is ob-
tained as the smallest value among all thescompobtained from Eq.
~11! whenm varies andn51/2.

Step 3: Ifs input is greater than the calculatedscal , repeat pro-
cedure 1-2 by decreasings input until us input2scalu is within a
specified tolerance. Thus, the finalscal is the critical stressscr and
the corresponding wave numbermcr is the critical wave number
presented in the following section.

4 Results and Comparisons
The validation of the wrinkling criterion proposed above w

investigated by comparing the predictions with shrink flang
experiments obtained by ALCOA as shown in Fig. 6. The mate
used in the experiments was currently the most common alu
num alloy for autobody applications, AA6111-T4 and AA602
T4. Both sheet materials are 1 mm in thickness, which is
typical gage used in North American automotive production. T
material properties are listed in Table 1, where the sheet rol
direction is in the radial direction as shown in Fig. 3. The expe
ments were performed on dies with flange breakline plan v
radii ~PVR! of 500 mm, 1000 mm, 1500 mm, and 2000 mm. T
widths of the blanks were 356 mm with their shapes cut to
flange breakline plan view radius plus 5, 8, 10, 12, 15, or 20 m
Three duplicate tests were conducted for each data reported i
paper. The buckling modes were found to be very repeata
Figure 6 shows flanged panels of AA6111-T4 with PVR of 5
mm and flange lengths of 10 and 15 mm.

As observed in the experiments, the waves occur at a very e
stage. Even at this early stage, the positions of the waves
been established. Only the amplitude of the wave increases a

Fig. 5 Flow chart for obtaining wrinkling wave number
Journal of Manufacturing Science and Engineering
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press punch travels progressively. Tables 2 and 3 present the c
parisons of the predicted and experimental wave numbers un
various nominal flange lengths for materials AA6111-T4 a
AA6022-T4, respectively. The nominal flange length is defined
the original blank radiusR0 minus the flange breakline plan view
radius,Rf . It appears that the predictions agree very well with t
experimental observations. In a total of 36 cases examined, e
predictions were obtained in 24 cases and the predictions were
by only 1 wave number in most of the rest cases. It is wo
mentioning that the experimental data were made available a
the analytical predictions had been completed.

In the paper by Wang et al.@1#, a wrinkling criterion based on
the bifurcation analysis was applied to shrink flanging proble
Their predictions on the onset of wrinkling at the flange ed
agreed favorably with three experimental cases. In their appro
wrinkling was assumed to occur along one principal axis, i.e.,
hoop direction, and the stress states were assumed to be uni
compression. The critical wave number was obtained as

Fig. 6 Flanged panels of AA6111-T4 with PVR of 500 mm and
flange lengths of 10 and 15 mm

Table 1 Material Properties of AA6111-T4, AA6022-T4, and
AKDQ steel

Table 2 Comparisons of wave number between predictions
and experiments for AA6111-T4

Table 3 Comparisons of wave number between predictions
and experiments for AA6022-T4
AUGUST 2001, Vol. 123 Õ 429
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L1111
2 D 1/4

(14)

Using the above equation to study the cases examined in
work, it is found that the wave number is almost independent
flange length, which is close to 3 for AA6111-T4 with a PVR o
500 mm. However, this prediction is not consistent with the e
perimental observations, as shown in Tables 2 and 3.

5 Discussions

Geometry Effects. The three most significant geometry pa
rameters on the wrinkling analysis are flange breakline plan v
radius~PVR!, nominal flange lengthRf , and sheet thickness. A
shown in Tables 2 and 3, wave number has weak dependenc
the plan view radius. It needs to be pointed out that this tende
only holds when plan view radii are relatively large, like the cas
studied in this paper. The sensitivity or dependency of wrinkli
on PVR increases as PVR decreases@19#. Wrinkling can be ex-
tremely sensitive to the change of the plan view radius when
plan view radius is very small. This tendency is demonstrated
Fig. 7, where the wave number is presented versus the plan v
radius for AA6111T4 with a flange length of 20 mm.

For the plan view radii studied in this paper, the wave numb
predominantly depends on the nominal flange length. As show
Fig. 8, the wave number decreases when the nominal flange le
increases. Figure 9 shows the critical flange length under var
plan view radii. The critical flange length is defined as the mi
mum flange length at which there is no occurrence of wrinkli
during a shrink flanging operation. The critical flange length
creases with plan view radius, since the maximum strain at
outer edge depends on the ratio of flange length to plan v
radiusRf @Eq. ~6!#, where the stress determines the onset of wr
kling @Eq. ~7!#.

Fig. 7 Wave number versus plan view radius for AA6111-T4
with a flange length of 20 mm

Fig. 8 Wave number versus nominal flange length for
AA6111-T4 with a PVR of 500 mm
430 Õ Vol. 123, AUGUST 2001
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The effect of thickness on the wave number is also investiga
and the results are shown in Table 4. For both aluminum and s
sheets, the wave number is almost independent of sheet thick
However, sheet thickness significantly affects the onset of w
kling during shrink flanging. Figure 10 shows that the critic
flange length increases as sheet thickness increases.

Material Effects. The results in Tables 2 and 3 indicate th
the wave numbers vary only slightly with materials AA6111-T
and AA6022-T4. Other than aluminum, AKDQ sheet steel with
PVR of 500 mm was also investigated and compared with
predictions of AA6111-T4 in Table 4. All the geometry param
eters were kept the same as those for AA6111-T4. The materi
characterized by the power laws̄5K( «̄1«0)n, and the param-
eters are displayed in Table 1. It appears that the steel materia
a few more wave numbers than the aluminum material. In ad
tion, it is shown that AKDQ steel has a slightly higher critic
flange length compared to aluminum 6111-T4 as shown in Fig
Figure 11 represents the effect of power exponentn on the critical
flange length. Generally, the critical flange length increases wi
highern. However, it is found that material strengthK and anisot-
ropy parameterR have insignificant effects on the critical flang
length.

Fig. 9 Critical flange length under various plan view radii
„PVR… for AA6111-T4 and AKDQ steel

Fig. 10 Critical flange length versus sheet thickness for
AA6111-T4 and AKDQ steel

Table 4 Comparisons of wave number between AKDQ steel
and AA6111-T4 aluminum
Transactions of the ASME
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6 Conclusions
The prediction of wrinkling in forming processes has been

challenging topic. The analysis of shrink flanging is simplified
the buckling of a curved sheet. The analytical solutions for
onset of the wrinkling of an elastic-plastic sheet are develo
using the energy method. By defining appropriate boundary c
ditions, the critical condition for wrinkling is obtained in terms o
stress state, geometry dimensions and material properties thr
energy equality. The predictions on the onset of wrinkling ag
well with the experimental results from Alcoa as shown in Tab
2 and 3.

The effects of geometry parameters, material properties
sheet thickness on the wave number and critical flange length
investigated. It is found that the sensitivity of wave number on
plan view radii increases as PVR decreases, and the wave nu
decreases with increased flange length. The critical flange le
largely depends on PVR, sheet thickness and material param
n. However, it is not sensitive to other material properties such
material strengthK and anisotropyR.

This wrinkling analysis is useful for directing engineering d
sign and it also could provide a guideline for model setup
re-meshing in numerical simulations such that a reasonable w
kling pattern may be initiated. Furthermore, the enhanced mo
ing method will become a more reliable tool and be beneficia
the accurate prediction of springback in shrink flanging.
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A,B,C 5 parameters in the Voce’s law
E 5 elastic modulus
n 5 Poisson’s ratio

Es ,ns 5 secand modulus and equivalent Poisson’s ratio
Eab 5 stretching strains

Labkg 5 tangential moduli
L̄abkg 5 tangential moduli for plane stress deformation

Nab 5 membrane stress resultants
R 5 anisotropy parameter

Rf 5 plan view radius
R0 5 blank radius

bab 5 curvature tensor of the middle surface
f l 5 flange length
m 5 wave number in the hoop direction
n 5 wave number in the lateral/radial direction
r 5 die radius in flanging
t 5 thickness of the plate

si j 5 deviatoric stress,i , j 51,2
x,y,xi 5 coordinates,i 51,2,3

ua 5 displacements in the in-plane directions

Fig. 11 Critical flange length versus power exponent n
Journal of Manufacturing Science and Engineering
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w 5 normal deflection
w0 5 deflection amplitude
DT 5 external work done by membrane forces
DU 5 bending energy
sab 5 stress components,a,b51,2
«ab 5 strain components
d i j 5 Kronecker delta

kab 5 bending strains
sy0 5 initial yield stress

sx ,sy 5 stress components
s̄ 5 effective stress
«̄ 5 effective strain
u i 5 span angle
b 5 incline angle

s r ,su 5 stress components in curvilinear coordinates

Appendix
For a 3-D constitutive law with the form ofṡab5Labkg«̇kg ,

the tangential moduli are given by

Li jkl 5
Es

11ns
F1

2
~d ikd j l 1d i l d jk!1

ns

122ns

d i j dkl2
1

q
si j sklG

(A1)

where si j is the stress deviator andd i j denotes the Kronecke
delta, the secant modulusEs5s̄/ «̄, and the equivalent Poisson’
ratio ns is obtained from

ns

Es

5
n

E
1

1

2 S 1

Es

2
1

ED (A2)

The parameterq is given as

q5F ~11n!
2Et

3~Es2Et!
11G 2

3
s̄2 (A3)

The tangential moduli for plane stress condition become

L̄abkg5Labkg2
Lab33L33kg

L3333 (A4)
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