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Wrinkling Limit in Tube Bending
Thin-walled tube bending has found many of its applications in the automobile
aerospace industries. This paper presents an energy approach to provide the min
bending radius, which does not yield wrinkling in the bending process, as a functio
tube and tooling geometry and material properties. A doubly-curved sheet model
tablished following the deformation theory. This approach provides a predictive too
designing/optimizing the tooling parameters in tube bending.@DOI: 10.1115/1.1395018#
t

t

u

n

t

d
t

o
m

s
k

r

a
b
u

c

t

n

l

h
y

-
e of

fore,
g
s

ell
s,
e
of
l-

e,
bes
gh-

of
ical
ent
ry

cal

ong

s

Introduction
A tube possesses a combination of light weight and high s

ness, which has attracted many applications in the aerospace
tomobile, oil and various other industries. In the auto industry,
example, tube hydroforming has been identified as one of the
technologies to reduce vehicle weight while increasing the s
ness and integrity of automobiles@1#. A crucial challenge in hy-
droforming is the optimization of tool and process conditions.
typical tube hydroforming process, like manufacturing exha
manifolds, engine cradles and frames, involves bending of tu
as the first step followed by hydroforming in a closed die. Duri
the rotary-draw tube bending shown in Fig. 1~Stelson and Lou
@2#!, the clamp die holds the tube which is bent tightly against
bending die at the leading end of the bender. The pressure
deforms the tube into the desired shape. A mandrel is use
support the inside of the tube and prevent the collapse of the
~Li et al. @3#!. As a result of bending, axial compressive stress
developed in the tube section near the bending die. Thus, l
wrinkles may be initiated, as wrinkling is a phenomenon of co
pressive instability. The deformation and springback in rota
draw tube bending has been studied by Li and Stelson@3#, Stelson
and Lou@2#, etc. However, the wrinkling problem in tube bendin
has not received much attention. Current industrial practice i
add enough design tolerance into the problem so that no wrin
will be formed in tube bending. With the ever-increasing dema
of low-cost manufacturing and design for manufacturability, a
liable prediction tool is needed.

Research efforts on the prediction of wrinkling have been m
in the last fifty years. The analytical solution can provide a glo
view in terms of the general tendency and the effect of individ
parameters on the onset of wrinkling and can be achieved in
almost negligible computational time. However, past analyti
work has concentrated on some relatively simple problems s
as a column under axial loading~Shanley@4#!, a circular ring
under inward tension, and an annular plate under bending wi
conical punch at the center, etc. Plastic bifurcation analysis is
of the most widely used analytical approaches to predict the o
of wrinkling. Hutchinson and Neale@5# and Neale and Tugˇcu @6#
studied bifurcation phenomenon of doubly curved sheet meta
adopting Donnell-Mushtari-Vlasov~DMV ! shell approximations.
The investigation was applicable to the regions of the sheet w
are free of any surface contact. However, all the above anal
neglected the boundary condition along the edge of the reg
being examined for wrinkling. Fatnassi et al.@7# performed a the-
oretical investigation to predict the nonaxisymmetric buckling
the throat of circular elastic-plastic tubes subjected to a nos
operation along a frictionless conical die. The buckling point a
associated modes are determined by Hill’s bifurcation theory
conjunction with a nonaxisymmetric buckling mode.

Pure bending of inelastic cylindrical shells have been carr
out experimentally and numerically by Corona and Kyriakid
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@8#, Kyriakides and Ju@9#, etc. A thinner shell was found to de
velop short wavelength periodic ripples on the compressed sid
the shell~as shown in Fig. 2! and the shell buckled locally and
collapsed soon after the appearance of the wrinkles. There
thin-walled shell bending is limited by various shell bucklin
modes in addition to the limit load instability. Ju and Kyriakide
@10# numerically investigated the instabilities of long circular sh
bending, which involves bifurcation into short wavelength ripple
localization following a natural limit load and interaction of th
two. They used Sanders’ shell kinematics and the principle
virtual work to simulate the growth of axial ripples and the loca
ization phenomena. Corona and Vaze@11# addressed the respons
which was buckling and collapse of long thin-walled square tu
under pure bending, analytically and experimentally. Raylei
Ritz type formulations were developed based on the principle
virtual work to predict the response of the tubes and the crit
curvature at which the ripples appear. As shown in Fig. 1, the b
tube is restricted by tooling and it is found that the bounda
restrictions over the examined area for wrinkling are very criti
to the onset of wrinkles in the previous work~Wang and Cao
@12–14#!. However, these above studies are concerned with l
shells without any boundary restriction at the ends.

Fig. 1 Rotary-draw bending with mandrel „Stelson †2‡…
2001 by ASME Transactions of the ASME
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The energy method has been another approach to analyti
investigate the buckling problem such as flange wrinkling in C
and Wang@15#, Wang and Cao@16#, etc. Recently, Wang and Ca
@12–14# proposed a wrinkling criterion for sheet wrinkling with
out normal constraints by using an energy approach conside
the boundary restrictions of the examined area. They applied
approach to the cases of a straight side-wall and a curved
with an infinite curvature in another direction in sheet metal for
ing processes. The predictions agreed very well with experime
results in all the cases examined. In this paper, we aim to ex
this approach to the sheet with double curvatures, i.e., the w
kling problem in tube bending.

In the present paper, an energy approach is established to
vide a stress-based criterion for the general double-curvature s
under compression. The effective dimensions over the region
dergoing compressive hoop stress are introduced as dimen
parameters. The critical buckling stress is obtained as a func
of local curvatures, material properties, geometrical dimensio
and stress ratio. This criterion is then used to predict the onse
wrinkling in tube bending. The effects of tube thickness, tu
radius and material properties on the minimum bending rad
without the occurrence of wrinkling are discussed.

General Wrinkling Criterion
This section aims to establish a general wrinkling criterion

the onset of wrinkling in the doubly curved sheet under a pla
stress condition. In the following analysis, the prebuckling str
state in the sheet over the region examined for wrinkling is
sumed to be at membrane state, and thus, the shear strain
stresses are ignored. All the formulations are developed within
context of thin plate and shell theory, therefore, the thickness
the sheet and all the stress states through the thickness ar
sumed to be uniform before buckling. Strains are expected to
small and the characteristic wavelength is large compared to s
thickness and yet small compared to the radii of the curvature
the sheet such that the strain measures given by Don
Mushtari-Vlasov~DMV ! approximations can be adopted. Defo
mation theory is employed in the analysis since proportional lo
ing before buckling is assumed.

The energy method has been extensively employed in Timo
enko @17# to study the elastic buckling of thin plates and she
with various boundary conditions. In his energy approach, a
flected form may be assumed for the plate and the critical bu
ling condition can be assessed by equating the internal energ
the buckled plate,DU, and the work done by the in-plane mem
brane forces,DT. If the internal energy for every possible a
sumed deflection is larger than the work produced by membr
forces, the sheet is considered under a stable equilibrium co
tion. Hence, the stability condition can be expressed as

DT<DU (1)

To obtain the internal energy for every possible assumed
flection, the formulations for a general doubly curved sheet

Fig. 2 Wrinkling on compression side of shell in pure bending
„Ju and Kyriakides †9‡…
Journal of Engineering Materials and Technology
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employed as detailed in Hutchinson and Neale@5# and Neale and
Tuǧcu @6#. At the instant of buckling, the in-plane components
Lagrangian strain tensor«ab at a distancex3 from the middle
surface of the curved sheet can be approximated by

«ab5Eab1x3kab (2)

where the Greek indices range from 1 to 2,Eab andkab represent
the stretching and bending strain which are given by

Eab5
1

2
~ua,b1ub,a!1babw

(3)
kab52w,ab

where a comma denotes covariant differentiation with respec
in-plane coordinates (x1 ,x2), ua and w are the displacements in
the in-plane direction (x1 ,x2) and the buckling deflection norma
to the middle surface of the sheet,bab is the curvature tensor o
the middle surface in the prebuckling state. If a 3-D constitut
law with the form of sab5L̄abkg«kg is adopted, where the
moduli L̄abkg are defined in the Appendix, the relationships f
the membrane stress resultants can be given by

Nab5E
2t/2

t/2

sabdx35tL̄abkgEkg (4)

and the bending moments are given by

Mab5E
2t/2

t/2

sabx3dx35
t3

12
L̄abkgkkg (5)

The internal energy under the assumption of DMV thin pla
and shell theory can be obtained as

DU5E
S
S E Mabdkab1NabdEab DdS (6)

whereS is the region of the sheet’s middle surface over which
wrinkles occur. By assuming the virtual displacementsua50 and
using the deformation theory, Eq.~6! can be simplified as

DU5
t3

24ES
L̄abkgw,kgw,abdS1

t

2 ES
L̄abkgbabbkgw2dS (7)

The external work done by the membrane forces acting in
middle plane of the sheet is represented as

DT5
1

2 ES
~N11w,1

2 1N22w,2
2 !dS (8)

For a thin curved sheet, the boundary condition or continu
condition along the edges of the region being examined for w
kling strongly affects the critical buckling condition since the a
missible deflection mode will be different. By appropriate
choosing the deflection form to reflect the boundary restrict
and equating the energyDU5DT, the critical conditions can be
calculated analytically as a function of in-plane stress, mate
properties, and geometry parameters.

Generally, the energy equality is considered over the entire
gion being examined and the stress field before wrinkling is
sumed to be uniform over the entire region. However, from o
previous work on flange wrinkling and side-wall wrinkling i
sheet metal forming, it is demonstrated that the dimensions of
effective compressive area are critical to the initiation of wrinkle
Therefore, this effective area will be implemented in the abo
energy integration in Eqs.~7!–~8!.

Buckling Condition in Tube Bending
A typical tube used in tube bending, as shown in Fig. 1, ha

ratio of tube diameter (2r ) to tube thickness~t! greater than 10
and is bent around the bending die with the radius ofRd . Hence,
OCTOBER 2001, Vol. 123 Õ 431



r

n
s
t
n

r

e.,

e
l
or

ne
e,
l

fol-

ma-
f
k-
n be

u-
ber

e-
the thin-shell assumption employed in the previous section is s
able. The thin-walled sheet in the bending area is free of inte
pressure leading to the assumption of under plane stress defo
tion. The mandrel acts to provide a near-perfect clamping co
tion at the end and therefore, considering its effective compres
area, the tube is simplified as a clamped curved sheet wi
(a1 ,a2) and (u1 ,u2) in two curvilinear directions as shown i
Fig. 3.

The normal deflection,w, satisfies the following boundary
conditions

w50,
]w

]a
50, at a5a1 ,a2

(9)

w50,
]w

]u
50, at u5u1 ,u2

Thus, the deflection of the plate is assumed to be of the fo

w5w0S 12cosS 2mp
u2u1

u22u1
D D S 12cosS 2np

a2a1

a22a1
D D

(10)

wherem is the wave number along the circumferential direction
the tube andn is the wave number in thea direction. Having Eq.
~10! as the assumed deflection form, the internal energyDU
becomes

DU5
t3

24Ea1

a2E
u1

u2H L̄2222S ]2w

r 2]u2D 2

1L̄3333S 1

R82

]2w

]a22
cosu

r 2

]w

]u D 2

12L̄2233

]2w

r 2]u2 S 1

R82

]2w

]a22
cosu

r 2

]w

]u D14L̄2323S 1

rR8

]2w

]u]a

1
cosu

R82

]w

]a D 2

1
12

t2 S L̄2222S w

r D 2

1L̄3333S w

R8D
2

1L̄2233

w2

R8r D J R8rduda (11)

whereR85(Rd2r sinu)
With the stress resultantsN1152ts r andN2252tsu , the ex-

ternal work done by the membrane forces acting in the mid
plane yields

DT52
t

2 Ea1

a2E
u1

u2H suS 1

r

]w

]u D 2

1saS 1

R8

]w

]a D 2J R8rduda

(12)

By substituting the assumed deflection in Eq.~10! into Eqs.
~11! and~12!, the energy equalityDT5DU yields the solution for
the critical condition on the onset of wrinkling. In the case th

Fig. 3 Schematic of curved sheet model in tube bending
432 Õ Vol. 123, OCTOBER 2001
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DT is always less thanDU for all the admissable deflection
forms, no wrinkling would develop at that bending condition, i.
bending radiusRd .

Numerical Analysis and Results

Critical Die Radius. The analytical model for the bent tub
section between the clamping die and pressure die or mandre~as
shown in Fig. 1! can be treated as a pure bending problem. F
simplicity, the thickness variation is ignored, i.e., the out-of-pla
strain«z50. Therefore, for the large deformation of the bent tub
we have strain«a in the bending direction and circumferentia
strain«u as

«u52«a5 ln~R8/Rd! (13)

The material is characterized as an elastic-plastic material
lowing Swift’s law s̄5K( «̄1«0)n. Hill’s 1948 yield criterion is
employed to describe the normal anisotropic behavior of the
terial and the anisotropy parameterR is defined as the ratio o
plastic strain in the width direction to plastic strain through thic
ness in a uniaxial tensile test. Thus, the stress distribution ca
derived as

su52sa5A11R

2
KSA2~11R!

112R
u ln~R8/Rd!u1«0D n

(14)

From Eq.~13!, it can be seen that the range ofu in the effective
compressive area is between~0,p!. By choosinga150, we have
a25Da, which is the bending angle. In addition, it is found n
merically that the minimum stress exists when the wave num
in the circumferential directionm equals to 1. By substituting
these simplifications into Eqs.~11!–~12!, we obtain the energy
functional

F5DU2DT5I n4n41S I n21
12

t2 I aDn21S I n01
12

t2 I qD50

(15)

where

I u5E
0

p 6R8Da

r
sin2 2usudu (16a)

I a5E
0

p 2p2r

DaR8
~12cos 2u!2sadu (16b)

I n45E
0

pS 8p4r

R83Da3 ~12cos 2u!2D L̄3333du (16c)

I n25E
0

pS S 2
8p2 cosu

R8rDa
~12cos 2u!sin 2u cosu D L̄3333

1S 16p2

rR8Da
cos 2u~12cos 2u! D L̄22331

8p2r

R8Da S 2

r
sin 2u

1
cosu

R8
~12cos 2u! D L̄2323Ddu (16d)

I n05E
0

pS S 24R8Da

r 3 cos2 2u1
18R8Da

t2r
~12cos 2u!2D L̄2222

1S 6R8Da sin2 2u cos2 u

r 3 1
18rDa~12cos 2u!2

t2R8 D L̄3333

1S 12R8Da cosu sin 4u

r 3 1
18Da

t2 ~12cos 2u!2D L̄2233Ddu

(16e)

The energy function in Eq.~15! is a function of die radiusRd ,
wave numbern as well as material properties, thickness and g
Transactions of the ASME
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ometry parameters such as local curvatures. The critical condi
on the onset of wrinkling means that the energy equality funct
in Eq. ~15! has a nontrivial solution for wave numbern, which
yields

D5S I n21
12

t2 I aD 2

24* I n4* S I n01
12

t2 I qD>0 (17)

The Eq. ~17! under D50 gives the minimum bending radiu
Rdcr

at which the wrinkles would not be initiated during the tub
bending, which is defined as the critical die radius. The cor
sponding wave number is calculated as the critical wave num

ncr5AS I n21
12

t2 I aD /2I n4 (18)

Effects of Geometry and Material Properties. From the
above analysis it appears that the critical conditions at wh
wrinkling occurs in the bent tube, i.e., the critical die radius a
critical wavelength, are affected by the tube radius, tube thickn
and material properties. The understanding of these relations
will be helpful to prevent wrinkling during tube bendin
processes.

Figures 4 and 5 show the profiles of critical die radius vers
tube radius and sheet thickness for different materials. The m
rial used in Fig. 4 is AA6061-T6 withK5410 MPa,n50.085,

Fig. 4 Profile of critical die radius for AA6061-T6

Fig. 5 Profile of critical die radius for 304 stainless steel
Journal of Engineering Materials and Technology
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and«050 while the material used in Fig. 5 is 304 stainless st
with K51356 MPa,n50.549, and«050.001. It is illustrated in
both materials that the minimum bending radius increases with
increase in tube radius and a decrease in tube thickness. In L
Stelson@3#, they did not observe the wrinkles in the bending o
tube with the tube thickness of 0.73 mm and tube radiusr of
4.4 mm. The die radius they used is 28.7 mm. In our predicti
for such a case, the minimum bending radius without wrink
should approximate 13.0 mm, which fits to their experimen
observation.

Figure 6 displays the dependence of normalized critical die
dius, Rd /t, on normalized tube radius, 2r /t for AA6061-T6 and
304 stainless steel. For both materials, the normalized critical
radius tends to increase with tube radius. When the normal
tube radius 2r /t is small, i.e., close to 10, there is no distinguis
able difference between two materials. However, with increa
2r /t, the steel shows lower critical die radius than AA6061-T
i.e., has better formability in tube bending.

Figure 7 represents the effect of the strain hardening exponen
on the critical die radius. In Fig. 7, the parameters used art
50.7 mm, r 55 mm andK5800 MPa. It is seen that when th
strain hardening exponentn is in the range between 0.05–0.2
which are typical values for most carbon steel and aluminum m
terials, critical die radius changes little withn. Whenn increases
beyond 0.25, the critical die radius decreases dramatically. T
also illustrates that the stainless steel withn50.549 has a lower
critical die radius than aluminum as shown in Fig. 6.

Figure 8 investigates the effect of the strength coefficientK on
the critical die radius. In Fig. 8, the parameters used arer
55 mm, t50.7 mm, andn50.2. The change of critical die radiu
with material strength coefficientK is relatively unnoticeable for
material with a higher strength, i.e., whenK is greater than around

Fig. 6 Normalized critical die radius versus normalized tube
radius for AL6061-T6 and 304 stainless steel

Fig. 7 Effect of strain hardening exponent n on critical die
radius for tÄ0.7 mm, rÄ5 mm, and KÄ800 MPa
OCTOBER 2001, Vol. 123 Õ 433
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600 MPa. Only whenK is lower than around 600 MPa, it can b
seen that a higherK yields a higher critical die radius. It appea
that the effect of strength coefficientK on critical die radius is
relatively insignificant for most high strength materials.

It is found that the critical wavelength is almost independen
die radius for both AA6061-T6 and 304 stainless steel. Howe
the critical wavelength largely depends on tube thickness
shown in Fig. 9, where tube radius is 5 mm. The critical wav
length increases with thickness and AA6061-T6 has a little hig
wavelength than stainless steel.

Conclusions
The prediction of wrinkling in tube bending processes has b

a challenging topic. The analysis of a curved tube can be cha
terized as buckling of a sheet with double curvatures. The ana
cal model for the onset of the wrinkling of an elastic-plas
doubly-curved sheet is developed in this paper using the en
method and the effective compressive area, which is the ac
area under compression in the tube obtained from stress ana
either analytically or numerically. By defining the appropria
boundary conditions, the critical conditions can be obtain
through energy equality.

A simple analytical model is established for the tube bend
problem and the critical condition is obtained in terms of d
radius and wavelength. It is found that the effects of tube rad
and tube thickness are significant on the minimum die radius w
out the occurrence of wrinkling. The minimum bending radi
increases with an increase in tube radius and a decrease in
thickness. In addition, for most high strength material with a str
hardening exponentn lower than 0.25, the dependence of a min
mum bending radius on material properties is relatively min
This approach will provide a predictive tool in designin
optimizing the tooling and forming parameters and therefore m

Fig. 8 Effect of strength coefficient K on critical die radius for
rÄ5 mm, tÄ0.7 mm, and nÄ0.2

Fig. 9 Critical wavelength versus tube thickness under
rÄ5 mm for AL6061-T6 and 304 stainless steel
434 Õ Vol. 123, OCTOBER 2001
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eliminate the costly trial-and-error approach. Experiments
rotary-draw bending will be conducted to verify the present a
proach in the near future.
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Nomeclature

A, B, C 5 parameters in the Voce’s law
E 5 elastic modulus

Es , ns 5 secant modulus and equivalent Poisson’s ratio
Eab 5 stretching strains

I ni , I a , I u 5 parameters (i 50,2,4)
Labkg 5 tangential moduli
L̄abkg 5 tangential moduli for plane stress condition

Mab 5 bending moments
Nab 5 membrane stress resultants

R 5 anisotropy parameter
Rd 5 bending die radius

bab 5 curvature tensor of the middle surface
m, n 5 wave number in the hoop direction and lateral/

radial direction
r 5 radius of tube
t 5 thickness of the plate

si j 5 stress deviator,i , j 51,2
x, y, xi 5 coordinates,i 51,2,3

ua 5 displacements in the in-plane directions
w 5 normal deflection

w0 5 deflection amplitude
DT 5 external work done by membrane forces
DU 5 bending energy
sab 5 stress components,a,b51,2
«ab 5 strain components
d i j 5 Kronecker delta

kab 5 bending strains
sy0 5 initial yield stress

sx , sy 5 stress components
s̄ 5 effective stress
«̄ 5 effective strain

Da 5 bending angle
a i , u i 5 span angle

sa , su 5 stress components in curvilinear coordinates
n 5 Poisson’s ratio

Appendix A
For a 3-D constitutive law with the form ofsab5Labkg«kg ,

the tangential moduli in the J2 deformation theory are given b

Li jkl 5
Es

11ns
F1

2
~d ikd j l 1d i l d jk!1

ns

122ns
d i j dkl2

1

q
si j sklG

(A1)

where si j is the stress deviator andd i j denotes the Kronecke
delta, the secant modulusEs5s̄/ «̄, and the equivalent Poisson’
ratio ns is obtained from

ns

Es
5

n

E
1

1

2 S 1

Es
2

1

ED (A2)

The parameterq is given as

q5F ~11n!
2Et

3~Es2Et!
11G 2

3
s̄2 (A3)

The incremental moduli for plane stress condition become

L̄abkg5Labkg2
Lab33L33kg

L3333
(A4)
Transactions of the ASME
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The covariant derivative of the deflection is

w,rr 5w,ru5w,ra50 (A5)

w,uu5
1

r 2

]2w

]u2 (A6)

w,aa5
1

R82

]2w

]a22
cosu

r 2

]w

]u
(A7)

w,au5
1

rR8

]2w

]u]a
1

cosu

R82

]w

]a
(A8)
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