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Shell element formulation of multi-step inverse analysis
for axisymmetric deep drawing process

Choongho Lee and Jian Cao*

Department of Mechanical Engineering, Northwestern University, Evanston, IL 60208, U.S.A.

SUMMARY

Inverse analysis today is generally performed with membrane models in analysing sheet metal forming pro-
cesses. Given the final desired configuration, it usually estimates the deformation in a one-step calculation.
However, for some practical problems where the bending effect is significant and the strain history departs
from a linear path, this calculation becomes not good enough to provide the optimal design values. In this
paper, an axisymmetric shell element for the multi-step inverse analysis is developed for more accurate pre-
diction of design variables such as the initial blank shape, strain distributions, and intermediate shapes, etc.
The algorithm has been applied to deep drawing processes for both thin and relatively thick sheet metal.
Numerical examples demonstrate that the proposed combination of shell element and multi-step inverse anal-
ysis can provide more precise results than the previous algorithms used in inverse analysis. Copyright ©
2001 John Wiley & Sons, Ltd.

KEY WORDS: multi-step inverse analysis; axisymmetric shell element; bending and unbending effect; deep
drawing; blank design

1. INTRODUCTION

In the design of deep drawing processes, many process parameters, ¢.g. die geometry, initial blank
shape, blank holding force, and lubrication, need to be determined. It is critical to the industry that
these design variables are optimized for one particular forming process. The design process has
traditionally relied on experience and intuition accompanied in many cases by physical trial and
error approach. With the development of computer technology, numerical simulations using, for
example, incremental finite element methods (FEM) have been developed. However, the majority
of the applications using finite element methods has been deterministic, in which a set of design
parameters is given and simulation results are interpreted by users. Additional simulations need to
be performed if the results are not satisfactory. The determination of those design parameters is
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again mainly based on users’ experience and interpretation. Such design process usually requires
enormous amount of time and cost to determine the optimal process parameters.

The desire of having computer programs to automatically determine the optimal tooling and pro-
cess parameters has attracted many researchers. The attempts can be classified into two categories,
forward analysis and inverse analysis. In the forward analysis, sensitivity analysis for incremental
FEM has been widely studied. The approach is to calculate the gradient of the objective function
and to study the effects of process parameters on the states of the final product. Since metal forming
processes are generally highly non-linear and history dependent, many researchers have used the
direct differentiation method for the calculation of sensitivity [1-7]. Badrinarayanan and Zabaras
[1, 2] calculated the differentiation terms directly from the weak form of equilibrium equations
and demonstrated the approach on determining a preform shape of an upsetting problem and a
die profile of an extrusion problem. Alternatively, the differential terms can be derived from the
finite element discretized weak form as described in Chenot and co-workers [3—5]. They calculated
a preform shape of an upsetting problem and tool shapes of a two-step forging problem. Zhao
and colleagues [6, 7] developed a similar optimization scheme to that of Chenot and co-workers.
They focused on the optimal design of die shapes of performs rather than that of preform shapes.
Kleiber et al. [8, 9] derived sensitivity equations by both the direct differentiation method and
the adjoint variable method. Joun and Hwang [10] used the adjoint variable method to optimize
the die profile of a three-dimensional steady-state extrusion problem. Most sensitivity analyses for
incremental FEM have been applied to simple two-dimensional problems such as upsetting, forging,
and extrusion. However, there is very little practical application to sheet metal forming processes
and many difficulties still remain in the implementation of sensitivity analysis to practical and
complex bulk forming problems.

Another promising method to determine the optimal binder force trajectory in the forward mode
was presented in Cao and Boyce [11] for a given initial blank geometry and tooling geometry.
A user-defined element serves the purpose of closed-loop control in the FEM simulation. This
element senses the current wrinkling and tearing tendencies and alters the binder force so that no
excessive wrinkles are present. The optimal binder force history was determined in one run of the
FEM simulation.

An alternative approach for design optimization is the inverse analysis (IA), where the final
part geometry and tooling geometry are given, but the initial blank geometry and forming process
parameters are not provided. The initial attempt was made by Jimma [12], Hazek and Lange [13],
and Karima [14] using the slip line field method. In their work, elements of the deformed part were
traced back to their original configurations assuming plane strain deformation. Later, Vogel and
Lee [15], and Chen and Sowerby [16] solved problems considering plane stress deformation.
However, these two methods have been applied only to cups with a flat end. Sowerby et al.
[17] and Blount and Stevens [18] developed the geometric mapping method. It unfolds a three-
dimensional shape into a flat surface using a simple algorithm without considering the deformation
of the sheet.

With the ability to incorporate material deformation behaviour, the inverse finite element analysis
(IA) using the deformation theory has been developed to meet the needs of the design commu-
nity. However, most inverse problems are ill-posed, they tend to be more difficult to solve than
direct problems. The existence, uniqueness and stability of the solutions of ill-posed problems
are not guaranteed [19]. To overcome this issue, a priori information on the required solution is
often introduced in the form of constraints. Even though it is not easy to solve inverse problems,
inverse formulation has many advantages in the design process. Levy et al. [20] calculated the
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initial blank size of axisymmetric problems using three-node quadratic membrane elements. After
Levy et al.’s work, the one-step inverse analysis using membrane elements (IA-membrane) was
studied by Majlessi and Lee [21], Batoz and co-workers [22], Chung and Richmond [23-25],
Liu and Karima [26], Liu and Assempoor [27], and Lee and Huh [28]. This approach is good
for general sheet metal forming processes. However, due to the absence of bending stiffness and
the use of the deformation theory, the amount of error introduced increases as the deforma-
tion path becomes more non-linear and the ratio of sheet thickness to bending radius increases.
The multi-step [A-membrane approach, which divides the forming into smaller forming steps, in-
creases the prediction accuracy as evident in Majlessi and Lee [29] for axisymmetric problems and
Lee and Huh [30] for simple three-dimensional problems. However, it is not helpful when bending
is important. To address the bending issue, Batoz and co-workers [31, 32] derived a shell element
formulation for one-step inverse analysis without the rotational degree of freedom at the nodal
points.

In this paper, an axisymmetric shell element for the multi-step inverse analysis (IA) is derived
for more accurate calculation of strain and the initial blank shape. The shell element for the multi-
step TA is formulated in Section 2 aiming at providing reasonable results for both relatively thick
and thin sheet drawing. Sections 3 and 4 describe the formulae of the employed constitutive law
and key matrices in the inverse analysis, respectively. As the number of analysis steps increases
following the procedure illustrated in Section 5, the bending and unbending effect can be considered
more accurately. Comparisons among the inverse analysis using the present algorithm (IA-Shell),
the existing inverse analysis methodology (IA-membrane) and the forward FEM simulation are
given in Section 6. Numerical examples show that the new algorithm can provide more accurate
results than the previous algorithms used in the inverse analysis. With this improvement, the
proposed algorithm, combined with an optimization scheme, could be used to determine other
process parameters such as tooling geometry for complex forming problems.

2. KINEMATICS OF AXISYMMETRIC SHELL FOR INVERSE ANALYSIS

The development of shell elements in the incremental forward analysis was summarized and
reviewed in References [33, 34]. The major milestones include, but are not limited to, the de-
generated shell approach, stress-resultant-based formulations and Cosserat surface approach, re-
duced integration techniques with stabilization (hourglass control), incompatible modes approach,
enhanced strain formulations (mixed and hybrid formulations), elements based on the 3-D elastic-
ity theory, co-rotational approaches, and higher-order theories for composites. On the other hand,
only a few papers with shell element formulation are founded in the inverse analysis. Batoz and
co-workers [31, 32] derived an inverse formulation using a simple discrete Kirchhoff triangular
(DKT) shell element for taking into account the bending effect. However, the ability of their shell
element is limited due to the lack of the rotational degrees of freedom in the formulation and
one-step inverse analysis was performed without considering intermediate deformed states.

As to our best knowledge, no axisymmetric shell element has been developed for multi-step
inverse analysis. Here, we adopt basic concepts of the axisymmetric shell element developed in
References [35, 36] as presented in the theory manual of ABAQUS (a commercial finite element
package) [37]. The assumptions involved in the shell element are described in the ABAQUS theory
manual. The variables of the shell element for incremental forward analysis are the position x and
the rotation w at time ¢t =1, + At (Figure 1), where w is the rotation of the thickness direction
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Figure 1. Kinematics of an axisymmetric shell for inverse analysis.

vector n initially orthogonal to the initial surface. However, the variables for our inverse analysis
are the initial position along the meridian surface at time ¢t =¢,, S(X), and the rotation » at time
t =ty + At. We derived basic equations according to the variable S(X) and w as follows:

The metric tensors Gy, ¢4, at time ¢ =1ty and t =1y + At are

_dX dX
ll_df df

dX
Gy = R?

dx dx

2
=— — = tt=1y+ At
g dé d¢ gn=r-, a 0

The incremental stretch ratio AZ, and the curvature measures B,,, b,, are written as

12 -
MI:(&) L An=_
R

Gy
dX dN
Rk —R
By i dE By, =RN,,
dx dn
bll—?é'dv, by =rn,,

The relations between the variations of X(R,Z) and that of S are expressed as

X X
0X = ﬁas_ FE
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Then the first variations of Equations (2)—(3) are derived according to the variation of S(X) and
W as

san_ Lo dX 40X ALdX X cosyhaes
' AL G3 dE dE T G dE dé "\o¢) d¢
o r Al A R[S\
dsX dN as\' dss
OBl = —— — = =) = 6
11 KT 11 ((’)f) dé (6a)
OR [0S\
5322*5RN’*M6_5 <a_5> 58 (6b)
dx déw dx dt
O0byy =ron, =réwt, = — rown, (6d)
where
on=0dwt, ot= —don, t=[-n. n] (7)

n rotates according to @ and t is orthogonal to n as shown in Figure 1. The second variations for
Aly, By, and by, can be derived as the following:

AJ; ddX doX oS\ ddS dsS
doAL =2— — —— =2A4 | — _— 8
=26, 4 de 1(55) az de (%a)
Ak _ _AJy (ORY [0S\’
doAJy =2 dROR =25 (a—é) <a_.f> ds 68 (8b)
d5311 =0 (93)
déBy, =0 (9b)
_dx dow dx d(—dwn)
dx déw ddw dx dn
ddby, = —rn.dw dw (9d)

The above first and second variations are implemented into finite element equations.
If we assume that the increments of stretch ratios are not too large during the increment (i.e.
analysis step), the increments of in-plane strains Agl, at any material point can be decomposed
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into the following membrane strain Ag,, and the incremental curvature change measure Ary,:

Ael = Ae,, +nAR,, (10)
where
Aty =In(ALy) (11)
AR —17?(17 — AJyByy) (12)
oo — gomA}le/lz ool o ool

n in Equation (10) is the natural co-ordinate with respect to the thickness direction and o varies
from 1 to 2. If the shell is stretched uniformly, the strain increments must be constant through the
thickness direction and the curvature increment should be zero. This requirement can be satisfied
by the above modified incremental curvature change measure AK,, [37]. The first variations of
strains in Equation (10) can be obtained from Equations (5)—(7).

. 1 i os\ ' dss
5811_51H(A/L1)_E5(A/L1)_ — <aé) Té (133)
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And the second variations of strains are derived as
2 dX ddXdX dsX 1 ddX dsX /oS’ ddS dss
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The transverse shear strain is written as

1 dx 1 dX

Ay=———n— —— - 17
’ Vg d¢ VG d¢ {17
and the first and second variations of Ay are as follows:
1 dx 1 dX doXdX 1 déX 1 dx
oy = — too+ —— ——— -N— — N= — - téw 18
(NTE: GPdE dE dE  Von A& Vg de (1)
1 dx 1 dx
doy=d — tdw| =— — -ndw dw 19
’ [\/911 dé ] Vo dé (19)

3. CONSTITUTIVE EQUATION AND PLASTIC WORK

In a typical deep drawing process, a much larger amount of plastic strain is accumulated in the
sheet metal compared to that of elastic strain. As the major concern in the first phase of tooling
and process design are the formability issues, sheet material response in the plane of the sheet is
assumed to be rigid-plastic following Hill’s 2nd-order yield criterion and its associated flow rule.
Furthermore, the stress normal to the sheet is assumed to be zero and all the stress states are
integrated from the initial state to the final state. Then, the integrated relationship between stress
and strain can be expressed as

r
| 1
{ } 202400403 Trr {A } _DMAL (20)

022 3 (1+2r) Af r 1

e R (R AP I T I T AP R
Aé— 37(1+2r) |:(Abll) +(A‘522) + 1—|—]/’A&11A&22 (21)
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The above constitutive equation considers normal anisotropy because only axisymmetric prob-
lems are considered in this paper. Transverse shears are assumed to be small, and the material
response to such deformation is assumed to be linear elastic such as

0s =kGAy=D® Ay (22)

where k is the transverse shear correction factor [38]. Then Equations (20) and (22) can be
rewritten together in one matrix equation as

011 As{l
D™ 0
Gy p = [0 D(S)] Ag), ¢ =DAc=DSAe (23)
O Ay
where
Agyy
1 &
ACH 1 0 n 0 0 A{Jzz
Ae=< Aedy p=10 1 0 n 0|4 Ax;p p =SAe (24)
Ay 0 0 0 0 1 Ak
Ay

Using the above constitutive equation, we can construct the plastic work as

Wo(S, 0) = / 0dedQ = / Ae"S'TDTS5Ae d) = / Ae"DoAe2nrJ dé (25)
0 Q Q.
where
05 pm  pmd) g
D= / S™DIS/, dp= | D™ PO ¢ (26)
—0.5 0 0 D®)
ds dt
J= ’d_é‘ meridian direction, J,= ‘d—n’ thickness direction 27)

The D of Equation (26) is a constitutive resultant matrix integrated through the thickness direction.
The components of matrix D can be expressed separately as

0.5 0.5
pm — / D™, dn Dmb) — / nD(m)J, dn

05 05
(28)
R 05 . 05 05
D®) = / 7’D™J,dyp DY = DO, dn= / kGJ, dn
05 05 —05
A A b A A
where D™, p" ), D®), DO are the constitutive resultant matrices for membrane, membrane-

bending coupling, bending and shear effects, respectively. Then, the plastic work of Equation (25)
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can be partitioned in terms of membrane, membrane bending, bending and shear.
Wy(S,w) = / AdD™A2mrS dE + / ADISAK27rT dé
Qe Qe

+/ AKTﬁ(mb)éASanJdé+/ AKTﬁ(b)éAK2nrde+/ AyYTD®SAy 27T dé
Qe Qe Qe
(29)

The above separation of the plastic work and the conversion of volume integration into the thick-
ness and surface integration can be found in the literatures about the continuum-based resultant
shell formulation [39, 40].

4. MINIMIZATION OF POTENTIAL ENERGY

The concept of force equilibrium and the principle of virtual work enable the calculation of the
so-called equivalent external work. The plastic potential energy can be expressed as the difference
between the internal plastic work and the external work as the following:

(S, ) = Wy(S, ) — We(S, ) = / Ae"DoAe2nrJ dé — / tov2mrJ dé (30)
Qe ioN

The friction force and the blank holding force induce the external work W.(S,w). The reaction
force t can be obtained from the derivation of the plastic work by position x at the final state
for the membrane element [41]. In the case of the shell element, the reaction force is derived in
Appendix A. In Equation (30) v is the relative displacement from the initial co-ordinate X to the
final coordinate x.

VX)) =[x =X =Up) = (N-(x = X = U,))N] (31)

where N is the unit normal vector at the initial co-ordinate and U is the punch displacement
for each analysis step. The local minimum of W(S, ) corresponds to the possible solution in the
inverse analysis and this can be satisfied when the first derivative of W(S,w) has a stationary
value. The first derivative is expressed as follows:

min ¥(S,w)=R(U)= —23 =0, U={S, 0} (32)
where
~ 0Ae ov
_ TRIAC B o
R(U)= /Qe Ae'D U 2nrJ dé o t6U2T£rJ dé (33)

Note that the inverse analysis using Equation (32) might have multiple solutions when deformations
are sufficiently large. Chung and Richmond [23, 24] showed a case of multiple solutions in their
work. In the case of multiple solutions, the best solution can be selected using the knowledge of
forming conditions. For example, in the case where strain concentration is undesired due to its
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potential for failure, the solution of the relatively maximum potential energy is desirable since it
corresponds to the most evenly distributed deformation among the multiple solutions.
The minimization procedure adopts the Newton—Raphson method as follows:

{6R(U)

O, 18U =R G4

Uty =Up) +o- AU (35)

The residual force (internal force) F™™ of the plastic work in Equation (33) can be obtained from
the derivation of Equation (29) instead of Equation (25).

A ~ 0Ae
(int) — T
F /Q e Ae'D - 2mr] dé

a(m) 0AEg a(mb) OAK
/AD 6U2 Jdé—l—/AD TUZ nrJ dé

Ta(mb) 0Ae / Tab) (AK / qTA(S)@
—|—/Qe Ax'D U r. o Ax'D U 2nrJ dé + QEA/ D U 2nrJ dé

(36)

Furthermore, the stiffness matrix in Equation (34) of the plastic work is derived by differentiating
Equation (36) as follows:

O0AeT 0Ae O0AeT 0AK
K® — 2= pm 2=y 2= Pmb)Z=" s
o U DAt | o au 2/ de
OAKT 0Ae OAKT 0AK
(mb) (b)
+ o, U =D U —2mrJ dé + o, U =D U —2mrJ d¢
0? Ak
TH (m) THy(mb) ¥ =™
/ Ae'D 2nrJ dé+ / Ae'D 00 2nrJ dé

Ak
/ Ak TD<mb> a ® g dé + / AxTD® aUaUanJdé

OAYT (S)am / T (S)GA
/ St ) 2rJdC+ Ay'D 0aU

+ / <6A8 gy 4 08K H<m2>) OB, g de
Qe

2nrJ dé

ou ou ou

OAET A OAKT A 0AK
H(mbl) H(mb2) iy}
+/Q ( U U au 2™ de
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+ / (mg fromon) 08K H<mb2>> OB de
Qe

U U U

0AeT OAKT . 12)\ 0AK
HOD + = —2mJd 37
i /Q( U au ) au : (37

The matrices H™D, {H™2) fmb) FJmb2) 5nq O H®D)  which come from the differentiation of
the matrices D™, D™ and D®, are derived in Appendix B. The matrices H are also integrated
through the thickness direction as the matrices D.

Unlike the above formulae of the shell element, the inverse analysis using membrane elements
does not perform integration through the thickness direction. The residual force and the stiffness
matrix of inverse analysis with membrane elements have very simple forms and can be written as

Fint) — /Q AgTD<m>—aaA582nrJ dé¢ (38)
OAeT 0Ae 0?
(e) — (m)_ Ty(m)
K L3S —-D 2nrJdg+/ Ae'D asaSanJdé

o g 2mrd d (39)

/ 1 OAD™ 9Ae
+
Q

A three-node quadratic element is used for the axisymmetric shell and membrane formulation
of finite element inverse analysis. The integration in the thickness direction of the matrices D and
H are performed using five point Simpson’s rule [42, 43].

5. NUMERICAL PROCEDURE FOR MULTI-STEP INVERSE ANALYSIS

The numerical procedure for multi-step inverse analysis is quite different from the conventional
incremental analysis. In this section, the fundamental procedures and requirements of a multi-step
inverse analysis are illustrated.

First, inverse analysis requires a desired final geometry (mid-surface) as the input data. This
desired final shape is then constructed by finite element mesh. In this paper, three-node quadratic
membrane and shell elements are used. The material properties for the initial blank should also
be provided before solving the problem.

Secondly, it is necessary to assume the tooling and process conditions such as punch and
die geometries, punch stroke, binder force, and friction, etc. These kinds of tooling conditions
are usually determined by either knowledge-based criterian or they can be modified through an
optimization algorithm outside this inverse analysis loop. Based on the tooling conditions and the
desired final shape, sliding curves can be established. The purpose of sliding curves is to guide
the movement of nodal points during the Newton—Raphson iterations so that nodal points can exist
only on the sliding curves. Figure 2 is the schematic description of sliding curves of step » in the
analysis of a conical cup drawing. The sliding curves of Zones I and V shown in Figure 2 are
assumed using the flat surfaces of the punch and the die. Those of Zones II and IV are assumed
on the corner arcs of the punch and die. For Zone III, which is assumed as the straight line,
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4 7

A SR e LR ! Final Statc of Step n+] ; meeses

w

Final State of Stepn ;| wewmemee
Initial State of Stepn ;.

Figure 2. Assumption of sliding curves for multi-step inverse analysis.

the sliding surface lies on the tangent line between the two arcs of the punch and die. Two end
points of Zone III can easily be obtained from a simple geometric calculation. During a real deep
drawing process, material may not fall on the sliding curves. However, the differences between
positions of material and sliding curves are quite small in many drawing processes.

Thirdly, nodal points should be initialized on the sliding curves for the initial blank and inter-
mediate shapes using the desired final mesh geometry. A simple method for the initialization can
be found in Majlessi and Lee’s paper [29]. Their approach is summarized as follows:

do n=final step, first step, — 1

Sp =

(40)
SP =S+~ s, i=23,m
enddo

S”,s? are the positions of nodal point i along the meridian curves at the initial and final states of
step n, respectively. J is an arbitrary number less than unity, and m denotes the total number of
nodal points. The initialization procedure is important because the convergence of the global and
Newton—Raphson iterations sometimes depends on the initialization. This means Newton—Raphson
iterations could diverge when the initialization is far from the desirable solution.

Finally, the multi-step inverse analysis is performed according to the flow chart in Figure 3. The
global iterations are carried out in the same manner as Majlessi and Lee’s procedure. Newton—
Raphson iterations for all steps are performed inside the global iterations. Two configurations of
step n and step n+1 are shown in Figure 2 to explain Newton—Raphson iterations. Newton—Raphson
iterations of step n consider the initial state and the final state of step n. After the convergence
of Newton—Raphson iterations of step n, the state variables, such as plastic strains, thickness at
integration points and the rotation w at nodes, are updated for the final state of step n. However,
the nodal positions X of the initial state of step n, not of the final state, are updated. And then,
the final state of step n becomes the initial state of step n 4+ 1 during the next Newton—Raphson
iterations of step n + 1 as shown in Figure 2.

Copyright © 2001 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2001; 50:681-706
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Figure 3. Flow chart of the multi-step inverse analysis.

Newton—Raphson iterations for each step are performed until two convergence criteria for the
displacement and the residual force shown in Equation (41) are satisfied simultaneously.

<, [Rl2 <er (41)

AU
U 2

where || ||, means the Euclidean norm. Tolerances ¢p and ¢ are small values, which have the order
of 1073 and 1072, respectively, in this paper. The convergence criterion for the global iterations is

ZFinal step HU||2

n=1

< 42
Total number of steps fGD (42)

where the value of egp used in this paper is between 1072 and 10!

6. NUMERICAL EXAMPLES

The present algorithm described above has been implemented in a finite element code and applied
to two deep drawing problems. One is a drawing of a thin sheet and the other of a relatively
thicker sheet material. We considered the incremental analysis as virtual experiments for checking
the validity and accuracy of the present algorithm. The final deformed shape of the mid-surface,
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which is the input data of the inverse analysis, was obtained from the incremental analyses*
(ABAQUS analysis with shell and solid elements). Thus, inverse analysis (IA) calculates the
initial blank size, intermediate shapes and strain distributions. These results are compared with
those of the incremental analyses, in which the initial blank size is given.

6.1. Example 1: Deep drawing of a thin sheet metal

The setup of this deep drawing problem is taken from the ABAQUS Examples manual [44].
The material properties and the process variables are shown below for the inverse and ABAQUS
analysis.

Stress—strain curve & = 513823 MPa
Lankford value r =10
Initial sheet thickness ¢ = 0.82 mm

Initial blank diameter ®g = 200 mm for ABAQUS analysis.
Friction coefficient u = 0.25 at punch and 0.1 at die and blank holder.
Blank holding force Fg =100 kN

The Young’s modulus is 211 GPa and the Poisson’s ratio is 0.3. The tooling geometry is shown in
Figure 4. The punch stroke of this example is 60 mm. ABAQUS solved this deep drawing problem
using 100 quadratic axisymmetric shell elements to determine the final deformed shape, strain
distribution, etc. ABAQUS analysis was performed with 542 incremental steps for the frictional
case. The flange diameter of the drawn cup after ABAQUS analysis is 135.82 mm for the above
frictional condition, and 133.7 mm for no frictional condition. Using the final deformed shape
obtained from ABAQUS analysis and the above process conditions, multi-step inverse analyses
have been performed using 100 quadratic membrane and shell elements, respectively. The initial
blank diameter, intermediate shapes and strain distribution were obtained after the inverse analyses.
Figure 5 displays the result of the 6-step inverse analysis. To solve the 6-step problem, the inverse
analysis took seven global iterations and an average of 31 Newton—Raphson iterations within each
global interation. Note that the initial blank and intermediate shapes were assumed by the initial
guess scheme and then were calculated by the inverse analysis as shown in Figure 5. Since the
total stroke is 60 mm, a 10 mm punch increment is assumed for each analysis step of the 6-
step inverse analysis. Therefore, the punch increment per step is much larger than that in the
conventional incremental analysis.

Table I shows the predicted initial blank diameters obtained from the inverse analysis with
various combinations of element type, step size, and frictional condition. All of the predicted
blank sizes have less than 2 per cent error compared with the original blank size. For this reason,
if the blank size is the only required design parameter, 1-step analysis using the membrane element,
which is fast and simple, may give a good solution for the thin sheet metal forming process. Note
that the oscillation of blank size in the frictional case comes partially from the simplified frictional
boundary condition and partly from the termination criterion of the global iteration. However, the
range of error is less than 0.75 per cent, which is insignificant.

¥ Notice in the remaining of this paper, ABAQUS analysis is referred to the incremental forward finite element method
using a commercial software package ABAQUS/Standard.
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Figure 4. Tooling geometry for the deep drawing problem.
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Figure 5. Six-step inverse analysis using shell elements.

Notice that the strain distribution varies with the element type and analysis step size as shown in
Figure 6. The radial and hoop strain distributions of 12-step inverse analysis with shell elements
(IA-shell) are in better agreements with ABAQUS-shell results than those of 12-step inverse
analysis with membrane elements (IA-membrane). Increasing the number of analysis steps hardly
increased the accuracy of [A-membrane, whereas, Figure 7 demonstrates that the accuracy was
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Table I. Predicted initial blank diameters for Example 1 from various inverse
analyses. (Unit: mm).

1A type 1-Step 1A 3-Step 1A 6-Step 1A 12-Step 1A

Punch move 60.00 20.00 10.00 5.00

per step

No friction Membrane 202.14 202.68 203.00 203.02
Shell 202.04 202.24 201.88 201.14

Friction Membrane 199.52 199.36 199.54 199.58
Shell 199.96 200.06 199.65 198.52

Original blank diameter in ABAQUS analysis =200 mm (friction and no friction)
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Figure 6. Comparison of strain distribution of mid-surface between the incremental FEM, IA with shell
formulation and IA with membrane formulation: no friction.

improved by using multi-step [A-shell. In order to consider the bending effect and to improve
the prediction accuracy of strain distribution, Figure 7 shows that multi-step analysis with shell
elements is required in inverse analysis. The fluctuations of the radial strain curves shown in
Figure 7 come from the relatively large punch displacement per increment. For example, 6-step
IA has a 10 mm punch displacement per increment. Therefore, the material jumps into and out of
the bending and unbending region in an abrupt manner. The strain distributions of [A-shell for the
top and bottom surfaces agree with the ABAQUS results very well as shown in Figure 8, with
only a small discrepancy in the region of the cup wall. Figure 9 compares the strain distributions
between two IA solutions and the ABAQUS results for the frictional condition. The analysis with
IA-membrane provides large strain values at the centre region of the cup, because it does not
have bending resistance at the punch shoulder. This tendency of over-predicting the strain at the
centre region is usually found when membrane elements are used even in the incremental analysis.
However, the values of TA-shell in this region are similar to those of ABAQUS-shell, even though
the results of IA-shell are calculated using only six steps.
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Figure 7. Variation of strain distribution of mid-surface according to the increment of
analysis step for IA with shell formulation: no friction.
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Figure 8. Strain distribution of top and bottom surfaces for the
incremental FEM and IA with shell formulation: no friction.

The CPU time of the analyses on a HP C180 workstation are listed in Table II. The CPU time
increases as an increase of analysis step for both IA-membrane and IA-shell. IA-shell takes much
more CPU time compared to [A-membrane. However, the accuracy of IA-shell is generally better
than that of IA-membrane and the CPU time of IA-shell is much shorter than that of conventional

increment analysis (Table II).
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Figure 9. Comparison of strain distribution of mid-surface between the incremental FEM, IA with shell
formulation and IA with membrane formulation for frictional condition.

6.2. Example 2: Deep drawing of a relatively thick sheet metal

The thickness of the initial blank in this example differs greatly from that of the first example. The
sheet thickness is changed from 0.82 to 4.0mm. To compensate for the increased thickness, the
die diameter (®p) is increased from 102.5 to 111.0 mm and the corresponding blank hold diameter
(®y) is changed from 112.5 to 121.0 mm. However, the corner radii of the punch (Rpc) and the die
(Rpc) remain the same. The material in this example undergoes a severe bending and unbending
process because the ratio of the sheet thickness over the corner radius of the die (#/Rpc) is
increased from 0.82/5 to 4.0/5. Finally, the blank diameter is reduced to 180 mm, the punch
stroke is changed to 50 mm, and the blank holding force is increased to 400 kN for a successful
forming. All the other material properties and process conditions are the same as those in the first
example. ABAQUS analysis was performed by 8-node solid elements with reduced integration. The
finite element model for ABAQUS analysis has four layers through the thickness direction, and
100 elements along the radial direction. The inverse analyses for this example use 100 quadratic
shell and membrane elements. ABAQUS analysis performed with 172 incremental steps, while the
number of the global iterations was 6 and the typical number of the Newton—Raphson iterations
was 40 in the 5-step inverse analysis.

In Table III, the predicted initial blank diameters by IA-membrane and IA-shell are compared
with the initial input in the forward analysis. Errors of both IA-membrane and [A-shell are increased
as the sheet thickness is increased. The blank diameters of IA-membrane have about 5 per cent
error regardless of the analysis step number. However, the blank diameters of IA-shell range from
having 4 to 1 per cent error. Table III shows that the IA-shell can reduce the error sufficiently by
increasing the analysis step.

The strain distributions with respect to the mid-surface at the initial state are compared among
IA-membrane, [A-shell and ABAQUS-Solid in Figure 10. Both the hoop and radial strains of
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Table II. CPU time of inverse analyses for Example 1 according to various cases. (Unit: s)

IA type 1-Step 1A 3-Step 1A 6-Step 1A 12-Step 1A

No friction Membrane 0.6 6.0 20.0 70.1
Shell 2.0 33.2 118.5 351.5

Friction Membrane 0.9 11.0 31.8 115.8
Shell 2.9 38.5 130.6 469.2

ABAQUS-Shell =2889.9 s (no friction), 3228.0 s (friction)

Table III. Predicted initial blank diameters for Example 2 from various inverse
analyses. (Unit: mm).

IA type 1-Step 1A 2-Step 1A 5-Step 1A 10-Step 1A
Punch move per step 50.00 25.00 10.00 5.00
Membrane 189.42 189.94 190.14 190.08
Shell 187.86 186.50 183.10 182.00

Original blank diameter in ABAQUS analysis = 180 mm (with friction)

IA-membrane have quite large errors, especially in the region of the bending and unbending. IA-
shell also has some error in that region. But the tendency of IA-shell curve is similar to those
of ABAQUS-Solid. As expected, the error of IA-shell is relatively quite small than that of IA-
membrane when the initial blank is a relatively thick sheet and the deformation undergoes a severe
bending and unbending process. Because of the basic assumption of shell element, the initial mid-
surface of shell element differs from that of solid element at the final state especially for the thick
sheet case. Therefore, the difference of strain between an incremental analysis with shell element
(ABAQUS-Shell) and an incremental analysis with solid element (ABAQUS-Solid) may be similar
to that of strain between [A-shell and ABAQUS-Solid. Because the initial mid-surfaces of solid
and shell elements become different surfaces at the final state, the strain distributions of top and
bottom surfaces are compared in Figure 11. Except for the radial strains of top surface from 60
to 75 mm region, the strain distributions of IA-shell closely follow those of ABAQUS-Solid.

The better predictions of the initial blank size and the strain distribution in multi-step inverse
analysis compared to those of the one-step formulation are due to its ability to capture non-linear
strain paths in the forming process. Figure 12 illustrates the strain paths of one material point
near the die radius obtained from the forward FEM analysis (the solid line), the multi-step inverse
analysis (the dash—dotted line) and the one-step inverse analysis (the dashed line). Notice that the
first two methods provide very similar strain paths, while the one-step inverse analysis has a large
discrepancy.

The CPU time on a HP C180 workstation for multi-step IA-membrane, multi-step [A-shell, and
ABAQUS-Solid are compared in Table IV. When considering both CPU time and accuracy, the
above results show that multi-step [A-shell is more desirable for calculating design variables than
multi-step [A-membrane or incremental analysis. In fact, the comparison of the inverse analysis
with the direct analysis of ABAQUS is not appropriate, since they solved different problems. If
the incremental FEM with sensitivity analysis is used to solve the same problem such as a blank
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Figure 11. Strain distribution of top and bottom surfaces for the
incremental FEM and IA with shell formulation.

design problem, the incremental FEM simulation needs to solve the forward process at least three
times, and in many cases, from five to more than ten times. Thus, the advantage of the inverse

analysis in the design process is obvious.
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Figure 12. Strain paths of one material point near the die radius obtained from various simulation methods.

Table IV. CPU time of inverse analyses for Example 2 according
to various cases. (Unit: s).

1A type 1-Step 1A 2-Step 1A 5-Step 1A 10-Step 1A
Membrane 0.9 7.8 273 80.9
Shell 2.9 19.5 116.8 401.2

ABAQUS-Solid = 1430.0 s

7. CONCLUSIONS

Given the desired final configuration, inverse finite element analysis (IA) calculates the origi-
nal configuration and the corresponding strain/stress distributions taking the material deformation
behaviour into account. The method is particularly useful at the early design stage where rapid
assessment of formability is required. In the past, most of the inverse analyses have utilized mem-
brane elements and one-step formulation to achieve the desired calculation speed. However, the
solution is not accurate enough (Figure 10) when the deformation path is not that linear and when
bending/unbending effect is not negligible, typically the cases in industrial applications. With the
development of computer technology, more accurate formulation is desired. In this paper, an
axisymmetric shell formulation of the multi-step inverse analysis has been developed to improve
the accuracy of the calculated initial blank shape and the strain distribution in deep drawing pro-
cesses. As the number of analysis steps is increased, this approach is more accurate in following
more realistic deformation path (Figure 12) and boundary conditions. The developed IA-shell for-
mulation considers the bending and unbending phenomena. The numerical results of thin and thick
sheet deep drawing demonstrate that the present algorithm provides accurate prediction of the
initial blank size and the strain distributions. Our algorithm will be further tested in designing the
optimal tooling geometry of some axisymmetric parts in production.
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APPENDIX A

The reaction force t can be obtained from the derivation of the plastic work by x at the final state
using the concept of the force equilibrium. Then,

tz/ AeT]A)%herdf
Q 0x
/ A TD<m>aaA 2nrJ dé + / Ae TD(m‘”aaA 2nrJ dé
/ A TD<mb>aaA 2mrJ dé + / A TD<b>aaA 2nrJ dé (A1)

The above strain derivatives are expressed in the following:

1 dx dox
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The superscript ‘f” in Equations (A2)—(A4) means that the variation of the strain components is
derived according to the variation of x and w at time ¢ =1#, + At.
APPENDIX B

When we construct the stiffness matrix by the differentiation of the residual force in Equation
(37), the matrices D should be differentiated by U. Then the stiffness including the matrices
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D™ /U, D™ /oU, eD® /60U and dD®/dU can be written as

K® = The first 10 terms in Equation (38)

D™ oA g D) 5A K
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LoD oA aD® Ak
AxT 9ae, AT Bk,
+/Q U o A det | AN g g A e
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+/QeAy g Ay 2 de (B1)

Then, the terms A&'dD™)/0U, AT oD™) /0U, AxToD®™) /0U, AkToD® /0U and AyTdD®/oU in
the last five terms of Equation (B1) can be derived further as follows:
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where

_2@+r)d+r) PR
3 (1421 7 14
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and summed on aor=1,2 and also
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Using Equations (B2)—(B5) and DB /oU =0, Equation (B1) becomes Equation (38).
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