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An Analytical Model for Tailor
Welded Blank Forming
Tailor Welded Blanks (TWBs) offer several notable benefits including decreased
weight, reduced manufacturing costs, increased environmental friendliness, and imp
dimensional consistency. In order to take advantage of these benefits, however, des
need to overcome the reduced formability of TWBs and be able to accurately p
unique characteristics related to TWB forming early in the design process. In this p
an analytical model to predict the weld line movement and forming height for a unif
binder force, TWB forming application is presented. Comparison to numerical simula
results demonstrates the accuracy of this methodology. The analytical model pro
designers a valuable tool to determine the location of steps on the die surface to ac
modate the weld line movement and the potential forming height for a TWB forming
a uniform binder force. The methodology presented here has the potential to be ext
to analyze a non-uniform binder force forming of TWBs.@DOI: 10.1115/1.1537261#
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Introduction
Automakers are constantly searching for innovative mean

reducing vehicle weight and manufacturing costs in order to m
ever-restricting fuel economy standards while remaining econo
cally competitive. A promising opportunity to meet these see
ingly conflicting requirements is through the use of Tailor Weld
Blanks ~TWBs!. TWBs are blanks where multiple sheets of m
terial are welded together prior to the forming process. The
ferences in the material within a TWB can be in the thickne
grade, or coating of the material, e.g., galvanized versus unga
nized. Figure 1 shows an exploded view of current and/or po
tial TWB applications for an automotive body-in-white, e.g., fro
door inner, deck lid, etc.@1#. When creating a TWB, designers a
able to tailor, hence the name, the location in the blank wh
specific material properties are desired. Despite their nume
benefits, forming TWBs is challenging due to a significant red
tion of formability associated with this type of blank. First, mat
rial property changes in the heat-affected zone of the weld
crease the potential strain in the material prior to tearing failu
The amount of this decrease is dependent on the material t
welding process, and welding parameters used, with reduction
the potential strain prior to tearing failure ranging from 20%
60% @2–11#. Also, the thinner, weaker material in the TWB ma
undergo more deformation than the thicker, stronger materia
the forming area. This is visually evident in the movement of
weld line towards the thicker material, which can lead to tear
failure in the thinner material. Alternatively, in the binder area, t
weld line movement towards the thicker material or the neces
to allow for an initial clearance between the weld line and
step in the binder plate to accommodate thickness differences
ates an unconstrained material condition that may lead to w
kling in the thinner material~see Fig. 2~a! for a schematic of the
wrinkling condition!. Finally, the weld line may move toward
the thinner material in some deep drawing applications, wh
can lead to tearing failure caused by an over-constrained mat
condition ~see Fig. 2(b) for a schematic of this type of tearin
failure!.

Extensive research efforts have focused on TWBs with an
phasis on these formability concerns. From the material poin
view, studies have been conducted to investigate the mat
properties of the weld and in heat affected zone@2–4# and the
effect of post welding processes, e.g. hot and cold planishing@5#.

Contributed by the Manufacturing Engineering Division for publication in t
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The decreased formability for popular TWB materials and we
ing combinations were reported in@6–10#. In the previous work
@11#, we conducted limit dome height tests of both the base m
terial and TWBs fabricated from 2-mm and 1-mm aluminu
5182-H00 using YAG laser welding with the weld line located
the center of the blank along the major strain direction. Fr
these limit dome height tests, it was determined that the appr
mate plane strain forming limit was reduced from 22% for t
base material to 8% for this TWB combination.

Given the reduced formability of TWBs, modifications to th
forming process have been proposed to increase the depth of
of the formed part. One such method is to increase the mate
flow-in of the thicker, stronger material to reduce the deformat
of the thinner, weaker material through the use of a non-unifo
binder force, i.e., a lower binder force is applied to the thick
material than the one applied to the thinner material@12,13#. This
technique has shown that if the weld line movement can be
vented, deeper depths of draw can be obtained. Another pro
modification introduced an additional material constraint with
the forming area thus preventing the thinner material from tak
a majority of the deformation in the process@14–16#. The addi-
tional material constraint method increased the potential dept
draw for a test panel, which included a nonlinear weld line
better material optimization. However, this technique added co
plexity to the forming process and additional tooling costs.

Though TWBs are currently used in industry, the fundamen
understanding to quantify material flow in the process, e.g., w
line movement, is lacking. This consequently results in usin
trial and error approach, either numerically or in physical die t
outs, to determine the forming height to achieve a desired st
condition at the weld line and the location of the step in t
tooling. In order to utilize TWBs to the fullest potential, a mea
to determine the forming height and to calculate the weld l
movement must be developed. With respect to analytical mo
ing of TWB applications, little work has been reported. Examp
of this research, however, include Shi et al.@17# calculating the
limiting thickness and strength difference possible for a TW
application, Cayssials@18# determining the forming limit curve
for TWBs, and Doege et al.@4# providing analytical work for the
weld properties of TWBs. He et al.@19# used a 2D cross-sectiona
analysis to determine a non-uniform binder force ratio to impro
TWB formability. In their model, the calculations progressed fro
the edge of the blank to the weld line in order to determine
strain in the 2D cross-section. Good results with respect to de
mining a non-uniform binder force to prevent weld line moveme
were obtained and compared with strip and box forming simu
tions and experiments. The inputs to their model include mate

e

03 by ASME Transactions of the ASME



Journal of Manufactur
Fig. 1 Exploded view of current and Õor potential automotive TWB
applications †1‡
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g.
.e.,
draw-in to the forming area at the edges, the amount of weld
movement, and material flow pattern onto or off the punch fa
However, these parameters are not intuitively known prior to
merical simulations or experimental implementation. Using a
sectional analysis as was done by He et al.@19# and others@20–
22#, as oppose to modeling the entire 3D geometry, is a powe
simplification method to analyze the feasibility of sheet me
forming processes.

In this paper, a 2D sectional analysis on various TWB appli
tions is used to analytically determine the weld line movem
and forming height for uniform binder force cases. Also, a meth
to determine the material flow pattern onto and off the punch f
is presented. This analytical model would be beneficial to a
signer early in the decision making process, prior to costly a
time intensive numerical simulations, to determine the poten

Fig. 2 Schematic of „a… an unconstrained material condition
causing wrinkling failure and „b… an over-constrained material
condition causing tearing failure in a TWB application
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depth of draw for a given TWB part and to assure material pr
erties are located where desired in the final part despite weld
movement. Unlike the work presented in the literature, no
sumptions regarding material flow in the process are inputted
the model. In order to validate the analytical model, numeri
simulations were conducted, and an experimental test panel
formed. Good agreement between the analytical model, the
merical simulations, and test panel forming with respect to w
line movement and forming height demonstrates the effectiven
of this analytical model.

Methodology of the Analytical Model
The goal of our analytical model is to calculate the weld li

movement and forming height for a uniform binder force, TW
application. As was previously mentioned, a 2D sectional anal
greatly simplifies calculations and therefore will be used here.
Fig. 3~a! for a 2D cross-sectional schematic of the tooling geo
etry and Fig. 3~b! where key locations are identified on the forme
TWB. Note that the 1-direction is a local coordinate axis a
follows the contour of the 2D cross-section. The location of t
cross-section would be taken perpendicular to the weld line an
a position where weld line movement is of interest. For examp
the cross-section would be taken where the largest weld
movement, and therefore also largest major principal strain in
thinner material, is expected. Alternatively, several cross-sect
could be analyzed to determine material flow over the entire p
geometry. The TWB here is represented by two thicknesses
the thicker material on the left side of the 2D cross-section and
thinner material on the right side. Key sections on the 2D cro
section are indicated by capital letters on the thicker side, fromA
at the weld position toE in the binder area just prior to the di
radius, and similarly on the thinner side with lower case lette
All cases presented in this paper assume a flat binder force
with the punch not bottoming out in the lower die~i.e., the parts
are formed into air!.

In our model, we start at locationa at the weld line in the 2D
cross-section with a known strain level in the 1-direction. Th
calculations of force in the 1-direction,T1 , and strain in the
1-direction,«1 , are determined at all locations indicated in Fi
3~b! proceeding from the weld line towards the blank edge, i
MAY 2003, Vol. 125 Õ 345



l

r

i

t

t
w

re-
sing

s

rva-
from sectiona throughe andA throughE. The analytical model
is based on force equilibrium and bending theory.

The methodology for the analytical model is as follows. S
also the flowchart in Fig. 4. The value of the strain in th
1-direction ata, is set to a given value, which could be direct
related to a desired outcome such as part stiffness or crashwo
ness. To determine the maximum forming height before tear
failure occurs, the strain level can be set to the known plane st
limit, i.e., FLD0 value, of the TWB combination. From this strai
state, the force per unit width in the 1-direction at sectiona, can
be calculated.

T1a5s1t thin
o e«1a (1)

where t thin
o is the original thickness of the thinner blank at th

location. This relationship is also valid at all locations in the 2
cross-section with the appropriate substitution for variables at
given location. The material is assumed to follow a power ha
ening law,

s̄5K «̄n (2)

wheres̄ is the equivalent stress and«̄ is the equivalent strain.
Due to force equilibrium across the weld line, the same fo

exists in the material atA, T1A , i.e., T1a5T1A . This fact allows
the calculation of the strain atA, «1A , from force equilibrium.
Also, plane strain, no shear stress, incompressibility, and ne
gible thickness stress,s350, are assumed in our model.

«1A
n e2«1A5

t thin
o

t thick
o «1a

n e2«1a (3)

wheret thick
o is the original thickness of the thicker blank at sectio

A. Force equilibrium can also be applied to all of the locations
the 2D cross-section. In a straight section, a simple force equ
rium is applied, e.g.,T1a5T1b . This simplification neglects fric-
tional forces in the straight sections of our model, which is
reasonable assumption due to the low value of the frictional for
compared to the forces from material straining. For sections
include a radius, additional force terms for bending,DTbend, and
friction, DTf riction , must be included. The appropriate equatio
for all of the sections on the thinner side of the TWB are

T1b5T1a

Fig. 3 2D cross-sectional view of „a… TWB and tooling and „b…
TWB and key locations identified
346 Õ Vol. 125, MAY 2003
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T1c5T1b6DTbend6DTf riction

T1d5T1c (4)

T1e5T1d2DTbend2DTf riction

The sign of theDTbend andDTf riction terms in theT1c equation
depends on whether the material initially at locationb flows onto
the punch face~negative! or into the stretch-draw wall area~posi-
tive!. Similar relationships exist for the thicker side as well. A
location e, the material is assumed to flow into the stretch-dra
wall area.

With respect to bending analysis in sheet metal forming,
search has investigated using membrane theory in post proces
to determine springback@23,24# and shell theory that consider
both bending and stretching effects@25–27#. Also, the calculation
of tangential strain has been used to determine springback cu
ture for plane strain bending@19,28#. Here, Swift’s model@29# for
bending in sheet metal forming is used to calculateDTbend.

DTbend5

2syS t

2D 2

R
(5)

Fig. 4 Flowchart of analytical model methodology
Transactions of the ASME
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where sy is the yield stress of the material,t is the material
thickness, andR is the bend radius. This model does not accou
for increased strain in the material due to bending however.

The change in the 1-direction force due to friction,DTf riction ,
for sections that include a radius is determined from

DTf riction5Temu (6)

wherem is the friction coefficient andu is the wrap angle around
the radius. With these equations for bending and friction, terms
the given part geometry are introduced into the analytical mod

With values calculated for the forces in the 1-direction at
sectional locations, strain values in the 1-direction,«1 , and stress
values in the 2-direction,s2 , can be solved from the materia
constitutive law presented in the appendix. The strain values in
1-direction can then be used to determine the draw-in on
thicker, xthick , and thinner,xthin , sides of the 2D cross-sectio
and the weld line movement,xwl . Finally, the force values in the
1-direction atE ande are used to determine the forming heigh
xFH , for the TWB. Further details for calculatingxthick , xthin ,
xwl , andxFH will be presented in the following sections.

Calculations of Forming Height and Weld Line
Movement

In the deep drawing of sheet metal, material movement fr
under the binder area and the punch face, along with stretchin
the material, is essential to produce the wall of the formed part
order to calculate the forming height,xFH , at the given strain
condition, values for the draw-in of material from under th
binder area into the stretch-draw wall are required. For the thin
side of the 2D cross-section, material draw-in,xthin , can be cal-
culated from

xthin5L f2Lo2~L f3ebe!6xb (7)

whereL f is the final length of the stretch-draw wall section,Lo is
the length of the material above the stretch-draw wall prior
forming including the punch and die radii,ebe is the engineering
strain in the 1-direction from sectionb to sectione of the stretch-
draw wall, andxb is the movement of the material initially a
locationb onto the punch face~positive! or into the stretch-draw
wall ~negative!. See Fig. 5 for a graphical representation of the
variables on the 2D cross-section. The concept here is tha
order to have enough material to create the stretch-draw w
length, even withxb material movement considered, material mu
be draw-in from under the binder, i.e.,xthin . Note that the draw-in
value, xthin , is a function of the forming height through theL f
term.

Knowing the value of xb , the engineering strain in the
1-direction on the thinner side of the punch face froma to b, eab ,
and the length of this section,Lab , the weld line movement,xwl ,
can be calculated from

xwl5~Lab3eab!6xb (8)

Fig. 5 Schematic of right side of 2D cross-section showing
variables used in material draw-in calculations
Journal of Manufacturing Science and Engineering
nt

for
el.

all

l
the
the

t,

m
g of
. In

e
ner

to

t

se
t in
all

st

A similar equation can be now written for material draw-in on t
thicker side of the TWB,xthick . However, for the thicker side
material from thexwl and the stretching of material on the thick
side of the punch face due to engineering strain,eAB , also are
assumed to flow into the stretch-draw wall on the thicker si
Therefore, these terms are included in the calculation ofxthick .

xthick5L f2Lo2~L f3eBE!2~LAB3eAB!2xwl (9)

Again, the material draw-in,xthick , is dependent on the forming
height through theL f term.

Equations~7! to ~9! provide for a means to calculatexthin and
xthick for various forming heights~i.e., for various stretch-draw
wall length,L f values! and for a given value ofxb . This data can
then be plotted to provide a graph of the draw-in rat
xthick /xthin , versus forming height for the givenxb value. A
sample plot is provided in Fig. 6. In order to determine the corr
forming height for thisxb value, the ratio of the forces in the
1-direction atE and e, T1E /T1e , is assumed to be equal to th
draw-in ratio, i.e.,

xthick

xthin
5

T1E

T1e
(10)

The rationale here is that the forces in the 1-direction atE ande
are the forces that draw material into the stretch-draw wall a
therefore their ratio is directly proportional to the ratio of th
material draw-in on the thicker and thinner sides. Therefore wit
polynomial curve fit of the draw-in ratio versus forming heig
data, such as that given in Fig. 6, theT1E /T1e ratio would provide
the xFH for the givenxb value.

Equation~10! holds if the weld line is located in the center o
the blank, i.e., the lengths of the thicker and thinner sides
equal. If the weld line is offset from the center of the blank, th
fact needs to be taken into account by adjusting Eq.~10! accord-
ing to the initial weld line position.

xthick

xthin
5

T1E

T1e
3S 11

Xwl
o

Lblank
o D (11)

whereXwl
o is the initial weld line position offset~positive if moved

towards the thinner material and negative if moved towards
thicker material! andLblank

o is the total initial length of the blank.
In the preceding paragraphs, anxb value was assumed and th

xFH was determined by relating the draw-in ratio,xthick /xthin , to
the ratio of forces entering the stretch wall area,T1E /T1e , by
either Eq.~10! or ~11!. In order to determine the actualxb value
for a given TWB application, thexFH values for a range ofxb
values must be determined and plotted as shown in Fig. 7. F
reasonable range ofxb values, a local minimum will exist. From
practical forming experiences, it is known that the lowest ene
state is the most stable state and therefore, that state corresp

Fig. 6 Example relationship between material draw-in ratio
and forming height
MAY 2003, Vol. 125 Õ 347
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to a unique and real solution. This concept has been used in s
ing many engineering problems, for example, in@30,31#, however,
this is the first time used to calculate the draw-in amount in for
ing TWBs. In other words, there exists a lowest energy state
will be created for a set of process parameters thus produci
unique forming height and draw-in condition. Therefore, it can
concluded that the minimum forming height for variousxb values
shown in Fig. 7 corresponds to that unique forming height. C
sequently, thisxb represents the actual movement of the mate
off the punch face into the stretch-draw wall. A graph similar
Fig. 6 can be created for the actualxb value andxFH andxwl can
be determined as described above. These values represent t
tual xFH andxwl for the given TWB application.

Numerical Simulations
In order to verify our analytical model, numerical simulatio

were conducted on the commercially available FEM softw
ABAQUS/Standard. Figures 8~a! and (b) show the two geom-
etries that were used in these simulations, Geometries I an
respectively. Plane strain, four node, reduced integration elem
ABAQUS type CPE4R, were used to simulate the plane str
problem. The number of layers through the thickness varied ba
on the material thickness used with the element density be
0.25-mm/element for Geometry I and 0.20-mm/element for G
ometry II. The exact number of layers through the thickness
be determined from this element density and the specific thickn
value given in Table 1 for each individual case. Other simulatio
parameters included a Coulomb friction coefficient of 0.15, ma
rial properties used in the power hardening law,K5570 MPa and
n50.3, and a uniform binder force of 200-kN for Geometry I a
120-kN for Geometry II. The FEM models were developed
reach a draw depth of 30-mm when the given strain state
reached. For the case of Geometry I, the strain magnitude a
cationa was set to be 8% since this strain state has been show
produce tearing failure for an AA5182 2-mm and 1-mm TW
@11,15#. Therefore, the forming height with this strain level wou
be the failure height for this geometry. For Geometry II, the str
state was set to an arbitrary value of 4.7%, which was determ
from a numerical simulation of the given geometry and para
eters. This demonstrates the ability to enter various desired s
levels at locationa into the model and obtain accurate results.

Comparison of Analytical Model and Numerical
Simulations

In post processing the numerical simulation results, forces
strains in the 1-direction,T1 and «1 , were extracted to compar
with values obtained from the analytical model. Figure 9 show
plot of T1 obtained from both the analytical model and the n
merical simulation of Geometry I with the initial weld position i

Fig. 7 Dependency of the calculated forming height, x FH , on
the x b value
348 Õ Vol. 125, MAY 2003
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the center of the blank normalized by the force in the 1-directio
at the weld line, i.e., at sectionsA and a. Excellent agreement
exists at all sectional locations. Figure 10 shows a plot of«1 for
both the analytical model and the numerical simulations norm
ized by the strain atA and a for the thicker and thinner sides
respectively. In this plot, agreement is reasonable for all sectio
locations except forD andd, i.e., where the die radii lead into the
stretch-draw walls. This is due to the simplified bending mod
used in our analysis, Eq.~5!. While this discrepancy seems large
on the thicker side atD, since the strain value is small at this
location, only 0.1% in the analytical model, the effect on materi
draw-in values is negligible. The agreement between the analy
cal model and numerical simulation in Figs. 9 and 10 demo
strates the accuracy of the analytical model calculations, whi
will be further examined through the geometry presented in t
following section.

Table 1 compares the results ofxwl andxFH values for eleven
cases with various initial weld line positions and TWB combina
tions, i.e., the thickness difference in the TWB application. As wa
stated previously, the negative numbers for the initial weld lin
positions indicate offsetting the weld line from the center positio
into the thicker material and positive numbers indicate offsettin
the weld line into the thinner material. Figure 8~b! also shows the
initial weld line positions for Geometry II for clarity. For all the
cases, the maximum discrepancies with respect to weld line mo
ment were 1.42-mm and 0.53-mm and with respect to formin
height were 5.00-mm and 6.44-mm, for Geometry I and Geome
II respectively. The case of Geometry II with the weld line offse
10-mm towards the thinner material demonstrates that as the
cation of the weld line approaches the punch radius on the thin
side, the prediction of the forming height is over predicted, whi
in all of the other cases, the forming height was under predicte
However, good agreement exists between the numerical simu
tions and the analytical model for all of the cases.

Fig. 8 2D cross-sectional geometry for „a… Geometry I and „b…
Geometry II, which also indicates initial weld line positions
Transactions of the ASME
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Application of Analytical Model to Test Panel
As an example of the application of the analytical model to

TWB part, consider the test panel punch and blank geom
shown in Fig. 11, which emulates a door inner. This geometry w
used in previous research projects in our laboratory@15,16#. The

Fig. 9 Comparison of normalized force in the 1-direction ob-
tained from the analytical model and numerical simulation.
Case shown is Geometry I with the initial weld line position in
the center.

Fig. 10 Comparison of normalized strain in the 1-direction ob-
tained from the analytical model and numerical simulation.
Case shown is Geometry I with the initial weld line position in
the center.

Table 1 Results comparing analytical model calculations to
2D numerical simulations

Geometry

TWB
combination
~thick/thin!

Xwl
o

~mm!

xwl 2D
sim.
~mm!

xwl
anal.
~mm!

xFH 2D
sim.
~mm!

xFH
anal.
~mm!

I 2.0/1.0 mm 224 5.53 4.18 30 25.00
216 4.92 3.61 25.03
28 4.47 3.05 25.12
0 3.74 2.53 25.36
8 2.99 1.92 25.63
16 2.43 1.35 26.26

I 1.5/1.0 mm 0 2.38 2.23 30 24.76
II 1.0/0.6 mm 210 2.23 2.09 30 23.56

0 1.66 1.26 23.84
10 1.06 0.53 36.38

II 1.0/0.8 mm 0 1.08 0.75 30 24.75
Journal of Manufacturing Science and Engineering
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try
as

line shown on the test panel indicates where the 2D cross-sec
was chosen for the analytical model on this part geometry. T
location was selected because the maximum weld line movem
occurred where the slanted and vertical weld lines intersect
this particular application. Figure 12 shows the 2D cross-secti
used in the ABAQUS 2D numerical simulation. A 220-kN binde
force was applied in the simulation. In full test panel experimen
implementation and a 3D numerical simulation using LSDYN
software~see@16# for details!, failure in the test panel was show
to occur at approximately 77.3-mm of draw depth with 11.63-m
of weld line movement and a strain condition of 8% major pri
cipal strain and25% minor principal strain@15,16#. Table 2 pro-
vides a comparison between the full 3D numerical simulation,
2D numerical simulation, and the analytical model. The failu
height and weld line movement obtained from the 2D numeri
simulation agrees well with those obtained from the analyti
model, failure height of 80-mm and 69.3-mm and weld line mov
ment of 19.3-mm and 17.4-mm for the 2D simulation and analy
cal model respectively. For the 3D numerical simulations, a r
sonable agreement was obtained, failure height of 77.3-mm
69.3-mm and weld line movement of 11.6-mm and 17.4-mm
the 3D simulation and analytical model respectively. These d
crepancies in the analytical model compared to the 3D simula
can be attributed to the fact that the strain condition in the full 3
numerical simulation and experiments is not exactly a plane st
condition, approximately25% deep drawing condition, while the
analytical model assumed a plane strain condition. Neverthel
this example demonstrates how the analytical model could h
been used effectively prior to numerical simulations and expe
mental implementation to estimate the potential forming heig
and weld line movement for this TWB application.

Fig. 11 Location of 2D cross-section on test panel geometry

Fig. 12 2D cross-sectional geometry for test panel geometry,
which also indicates initial weld line position
MAY 2003, Vol. 125 Õ 349
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Table 2 Results comparing analytical model calculations to 2D and 3D numerical simulations
for the test panel geometry

Geometry

TWB
combination
~thick/thin!

Xwl
o

~mm!

xwl
3D
sim.
~mm!

xwl
2D
sim.
~mm!

xwl
anal.
~mm!

xFH
3D
sim.
~mm!

xFH
2D
sim.
~mm!

xFH
anal.
~mm!

Test panel 2.0/1.0 270 11.6 19.3 17.4 77.3 80 69.3
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Conclusions and Discussion
Tailor Welded Blanks offer numerous advantages over the c

ventional method to fabricate sheet metal parts, e.g., body
white components in the automotive industry. However, decrea
formability caused by weld line movement and changes in
material properties in the heat-affected zone of the weld limit th
utilization. In order to aid in the design process, an analyti
model was developed and presented here to assist the desig
determining the amount of weld line movement and the form
height for a given TWB geometry. Knowledge of these parame
is critical early in the design process so the designer is abl
locate the material properties in the formed part where desired
assure the necessary depth of draw is obtainable. A 2D sect
analysis was utilized, and values for material draw-in from un
the binder ring were determined in order to obtain the des
parameters. Good agreement between the analytical model
numerical simulations with respect to both weld line movem
and forming height verifies the effectiveness of the methodolo

While this analytical model was shown to provide good resu
compared to numerical simulations, there are several aspec
the model that should be noted. First, plane strain and neglig
thickness stress assumptions were used to solve the non-l
equations, but these assumptions limit the effectiveness of
model for general cases. In particular, the plane strain assump
could be eliminated to allow for bi-axial straining to be possib
either deep drawing with a negative minor strain or stretch fo
ing with a positive minor strain, at locations on the 2D cros
section. This would allow the model to be used in a more gen
fashion. Also, the simple bending model used here could be
placed with a model that includes additional stretching of the m
terial due to bending. This would allow the analytical model
follow the numerical simulations more accurately at locationsD
andd where additional stretching due to bending occurs~see Fig.
10!. In addition, some fundamental mechanics may exist betw
Eqs. ~10! and ~11!, which relate the draw-in ratio to the ratio o
forces atE ande and the initial weld line position. Future wor
will further investigated this relationship and explore added ca
to verify the validity of these equations. Finally, the mater
model could be replaced by an alternative constitutive model
pending on the material being formed. Despite these noted de
the analytical model presented in this paper provides a powe
tool for designers to analyze TWB applications prior to costly a
time-consuming numerical simulations and part implementa
thus providing a considerable benefit.
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Nomenclature

«1i 5 true strain in the 1-direction at locationi
F,G,H 5 parameters reflecting the material’s anisotropy
Lblank

o 5 initial length of TWB
L f 5 final length of the stretch-draw wall
Li j 5 initial length of a section from locationi to j
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Lo 5 initial length of material above the stretch-draw
wall prior to forming

R 5 bend radius of punch and/or die
T1i 5 force in the 1-direction at locationi
Xwl

o 5 offset of weld line from the center of the TWB
ei j 5 engineering strain in the stretch-draw wall from

location i to j
n 5 strain hardening exponent
t 5 sheet thickness

t thin
o 5 original thickness of the thinner blank

t thick
o 5 original thickness of the thicker blank

xb 5 movement of the material initially at locationb
onto the punch face or into the stretch-draw wa

xFH 5 forming height at given strain state for location
a

xthick 5 material draw-in from the binder area on the
thicker blank side

xthin 5 material draw-in from the binder area on the
thinner blank side

xwl 5 weld line movement
« i 5 true strain in the 1-direction at locationi
«̄ 5 equivalent strain

dl 5 plastic potential
DTbend 5 additional force term due to bending

DTf riction 5 additional force term due to friction
m 5 friction coefficient
s̄ 5 equivalent stress
s i 5 true stress in thei -direction
sy 5 true stress at yielding

u 5 wrap angle around punch and/or die radius

Appendix: Material Consitutive Laws
In order to calculate thexwl and xFH , the stress and strain

values at each location in the 2D cross-section must be calcula
The material is assumed to follow Hill’s 1948 yield criterion@32#
and the associated flow rule,

F~s22s3!21G~s32s1!21H~s12s2!252 f ~s i j !52s̄2

(A1)

whereF, G, and H are the parameters reflecting the materia
anisotropy ands i are the principal stresses. To relate strain to
stress in plastic deformation, the flow rule is utilized

« i j 5dl
] f ~s i j !

]s i j
(A2)

where dl is the plastic potential. Differentiating Eq.~A1! with
respect to the three principal stresses and substituted into the
rule, the following equations are obtained

d«15dl@H~s12s2!1G~s12s3!#

d«25dl@F~s22s3!1H~s22s1!# (A3)

d«35dl@G~s32s1!1F~s32s2!#

The equivalent strain,«̄, is defined by the work conjugate equa
tion

dw5s i j d« i j 52 f ~s i j !52s̄25s̄«̄ (A4)
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This equation can then be solved fordl to give

dl5
«̄

2s̄
(A5)

Assuming a linear strain path and manipulating Eqs.~A3! and
~A5!, an equation for the equivalent strain is expressed as

«̄5&FFS G«22H«3

FG1GH1HF D 2

1GS H«32F«1

FG1GH1HF D 2

1HS F«12G«2

FG1GH1HF D 2G1/2

(A6)

For the plane strain case, Eq.~A6! reduces to

«̄5&FFH21G~H1F !21HF2

~FG1GH1HF !2 G1/2

«1 (A7)

Once«̄ is known,s̄ can be obtained from the material power la
relationship, Eq.~2!.

Substituting Eq.~A5! into Eq.~A3! and evoking the plane strai
and negligible thickness stress assumptions, we have

«15
«̄

2s̄
@H~s12s2!1Gs1#

«25
«̄

2s̄
@Fs21H~s22s1!# (A8)

«35
«̄

2s̄
@2Gs12Fs2#

Equations~1!, ~2!, and~A8! represent non-linear functions. Ther
fore, Newton’s method to solve simultaneous non-linear equat
was utilized. From these equations and also Eq.~A7!, all of the«
ands values at each location in the 2D cross-section can be
termined. For instance, at locationa, the strain state is given an
the stress state can be calculated,s1a and s2a . Also, with the
force in 1-direction known at each location from Eq.~4! and the
relationship betweenT1 ands1 being governed by Eq.~1!, «1 and
s2 can be calculated at each location,b throughe, for both the
thinner and thicker sides of the 2D cross-section.
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